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Preface

A fundamental problem with quantum theories of gravity, as opposed to
the other forces of nature, is that in Einstein’s theory of gravity, general
relativity, there is no background geometry to work with: the geometry
of spacetime itself becomes a dynamical variable. This is loosely sum-
marized by saying that the theory is ‘generally covariant’. The standard
model of the strong, weak, and electromagnetic forces is dominated by the
presence of a finite-dimensional group, the Poincaré group, acting as the
symmetries of a spacetime with a fixed geometrical structure. In general
relativity, on the other hand, there is an infinite-dimensional group, the
group of diffeomorphisms of spacetime, which permutes different mathe-
matical descriptions of any given spacetime geometry satisfying Einstein’s
equations. This causes two difficult problems. On the one hand, one can no
longer apply the usual criterion for fixing the inner product in the Hilbert
space of states, namely that it be invariant under the geometrical symmetry
group. This is the so-called ‘inner product problem’. On the other hand,
dynamics is no longer encoded in the action of the geometrical symmetry
group on the space of states. This is the so-called ‘problem of time’.

The prospects for developing a mathematical framework for quantizing
gravity have been considerably changed by a number of developments in
the 1980s that at first seemed unrelated. On the one hand, Jones discov-
ered a new polynomial invariant of knots and links, prompting an intensive
search for generalizations and a unifying framework. It soon became clear
that the new knot polynomials were intimately related to the physics of 2-
dimensional systems in many ways. Atiyah, however, raised the challenge
of finding a manifestly 3-dimensional definition of these polynomials. This
challenge was met by Witten, who showed that they occur naturally in
Chern—Simons theory. Chern—Simons theory is a quantum field theory in
3 dimensions that has the distinction of being generally covariant and also
a gauge theory, that is a theory involving connections on a bundle over
spacetime. Any knot thus determines a quantity called a ‘Wilson loop,’
the trace of the holonomy of the connection around the knot. The knot
polynomials are simply the expectation values of Wilson loops in the vac-
uum state of Chern—Simons theory, and their diffeomorphism invariance
is a consequence of the general covariance of the theory. In the explosion
of work that followed, it became clear that a useful framework for under-
standing this situation is Atiyah’s axiomatic description of a ‘topological
quantum field theory’, or TQFT.

On the other hand, at about the same time as Jones’ initial discov-
ery, Ashtekar discovered a reformulation of general relativity in terms of
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what are now called the ‘new variables’. This made the theory much more
closely resemble a gauge theory. The work of Ashtekar proceeds from the
‘canonical’ approach to quantization, meaning that solutions to Einstein’s
equations are identified with their initial data on a given spacelike hyper-
surface. In this approach the action of the diffeomorphism group gives rise
to two constraints on initial data: the diffeomorphism constraint, which
generates diffeomorphisms preserving the spacelike surface, and the Hamil-
tonian constraint, which generates diffeomorphisms that move the surface
in a timelike direction. Following the procedure invented by Dirac, one
expects the physical states to be annihilated by certain operators corre-
sponding to the constraints.

In an effort to find such states, Rovelli and Smolin turned to a descrip-
tion of quantum general relativity in terms of Wilson loops. In this ‘loop
representation’, they saw that (at least formally) a large space of states
annihilated by the constraints can be described in terms of invariants of
knots and links. The fact that link invariants should be annihilated by the
diffeomorphism constraint is very natural, since a link invariant is nothing
other than a function from links to the complex numbers that is invariant
under diffeomorphisms of space. In this sense, the relation between knot
theory and quantum gravity is a natural one. But the fact that link in-
variants should also be annihilated by the Hamiltonian constraint is deeper
and more intriguing, since it hints at a relationship between knot theory
and 4-dimensional mathematics.

More evidence for such a relationship was found by Ashtekar and Ko-
dama, who discovered a strong connection between Chern—Simons theory
in 3 dimensions and quantum gravity in 4 dimensions. Namely, in terms
of the loop representation, the same link invariant that arises from Chern—
Simons theory—a certain normalization of the Jones polynomial called the
Kauffman bracket—also represents a state of quantum gravity with cosmo-
logical constant, essentially a quantization of anti-deSitter space. The full
ramifications of this fact have yet to be explored.

The present volume is the proceedings of a workshop on knots and
quantum gravity held on May 14th—16th, 1993 at the University of Cali-
fornia at Riverside, under the auspices of the Departments of Mathematics
and Physics. The goal of the workshop was to bring together researchers
in quantum gravity and knot theory and pursue a dialog between the two
subjects.

On Friday the 14th, Dana Fine began with a talk on ‘Chern—Simons
theory and the Wess—Zumino—Witten model’. Witten’s original work deriv-
ing the Jones invariant of links (or, more precisely, the Kauffman bracket)
from Chern—Simons theory used conformal field theory in 2 dimensions as
a key tool. By now the relationship between conformal field theory and
topological quantum field theories in 3 dimensions has been explored from
a number of viewpoints. The path integral approach, however, has not yet
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been worked out in full mathematical rigor. In this talk Fine described
work in progress on reducing the Chern—Simons path integral on S3 to the
path integral for the Wess—Zumino—Witten model.

Oleg Viro spoke on ‘Simplicial topological quantum field theories’. Re-
cently there has been increasing interest in formulating TQFTs in a man-
ner that relies upon triangulating spacetime. In a sense this is an old idea,
going back to the Regge-Ponzano model of Euclidean quantum gravity.
However, this idea was given new life by Turaev and Viro, who rigorously
constructed the Regge-Ponzano model of 3d quantum gravity as a TQFT
based on the 65 symbols for the quantum group SU,(2). Viro discussed a
variety of approaches of presenting manifolds as simplicial complexes, cell
complexes, etc., and methods for constructing TQFTs in terms of these
data.

Saturday began with a talk by Renate Loll on ‘The loop formulation
of gauge theory and gravity’, introduced the loop representation and var-
ious mathematical issues associated with it. She also discussed her work
on applications of the loop representation to lattice gauge theory. Abhay
Ashtekar’s talk, ‘Loop transforms’, largely concerned the paper with Jerzy
Lewandowski appearing in this volume. The goal here is to make the loop
representation into rigorous mathematics. The notion of measures on the
space A/G of connections modulo gauge transformations has long been a
key concept in gauge theory, which, however, has been notoriously diffi-
cult to make precise. A key notion developed by Ashtekar and Isham for
this purpose is that of the ‘holonomy C*-algebra’, an algebra of observ-
ables generated by Wilson loops. Formalizing the notion of a measure on
A/G as a state on this algebra, Ashtekar and Lewandowski have been able
to construct such a state with remarkable symmetry properties, in some
sense analogous to Haar measure on a compact Lie group. Ashtekar also
discussed the implications of this work for the study of quantum gravity.

Pullin spoke on ‘The quantum Einstein equations and the Jones poly-
nomial’, describing his work with Bernd Briigmann and Rodolfo Gambini
on this subject. He also sketched the proof of a new result, that the coef-
ficient of the 2nd term of the Alexander—Conway polynomial represents a
state of quantum gravity with zero cosmological constant. His paper with
Gambini in this volume is a more detailed proof of this fact.

On Saturday afternoon, Louis Kauffman spoke on ‘Vassiliev invari-
ants and the loop states in quantum gravity’. One aspect of the work
of Briiegmann, Gambini, and Pullin that is especially of interest to knot
theorists is that it involves extending the bracket invariant to generalized
links admitting certain kinds of self-intersections. This concept also plays a
major role in the study of Vassiliev invariants of knots. Curiously, however,
the extensions occurring in the two cases are different. Kauffman explained
their relationship from the path integral viewpoint.

Sunday morning began with a talk by Gerald Johnson, ‘Introduction
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to the Feynman integral and Feynman’s operational calculus’, on his work
with Michel Lapidus on rigorous path integral methods. Viktor Ginzburg
then spoke on ‘Vassiliev invariants of knots’, and in the afternoon, Paolo
Cotta-Ramusino spoke on ‘4d quantum gravity and knot theory’. This talk
dealt with his work in progress with Maurizio Martellini. Just as Chern—
Simons theory gives a great deal of information on knots in 3 dimensions,
there appears to be a relationship between a certain class of 4-dimensional
theories and so-called ‘2-knots’, that is, embedded surfaces in 4 dimensions.
This class, called ‘BF' theories’, includes quantum gravity in the Ashtekar
formulation, as well as Donaldson theory. Cotta-Ramusino and Martellini
have described a way to construct observables associated to 2-knots, and
are endeavoring to prove at a perturbative level that they give 2-knot in-
variants.

Louis Crane spoke on ‘Quantum gravity, spin geometry, and categor-
ical physics’. This was a review of his work on the relation between
Chern—Simons theory and 4-dimensional quantum gravity, his construc-
tion with David Yetter of a 4-dimensional TQFT based on the 155 symbols
for SU4(2), and his work with Igor Frenkel on certain braided tensor 2-
categories. In the final talk of the workshop, John Baez spoke on ‘Strings,
loops, knots and gauge fields’. He attempted to clarify the similarity be-
tween the loop representation of quantum gravity and string theory. At
a fixed time both involve loops or knots in space, but the string-theoretic
approach is also related to the study of 2-knots.

As some of the speakers did not submit papers for the proceedings, pa-
pers were also solicited from Steve Carlip and also from J. Scott Carter and
Masahico Saito. Carlip’s paper, ‘Geometric structures and loop variables’,
treats the thorny issue of relating the loop representation of quantum grav-
ity to the traditional formulation of gravity in terms of a metric. He treats
quantum gravity in 3 dimensions, which is an exactly soluble test case. The
paper by Carter and Saito, ‘Knotted surfaces, braid movies, and beyond’,
contains a review of their work on 2-knots as well as a number of new re-
sults on 2-braids. They also discuss the role in 4-dimensional topology of
new algebraic structures such as braided tensor 2-categories.

The editor would like to thank many people for making the workshop
a success. First and foremost, the speakers and other participants are to
be congratulated for making it such a lively and interesting event. The
workshop was funded by the Departments of Mathematics and Physics
of U. C. Riverside, and the chairs of these departments, Albert Stralka
and Benjamin Shen, were crucial in bringing this about. Michel Lapidus
deserves warm thanks for his help in planning the workshop. Invaluable
help in organizing the workshop and setting things up was provided by the
staff of the Department of Mathematics, and particularly Susan Spranger,
Linda Terry, and Chris Truett. Arthur Greenspoon kindly volunteered to
help edit the proceedings. Lastly, thanks go to all the participants in the
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Knots and Quantum Gravity Seminar at U. C. Riverside, and especially
Jim Gilliam, Javier Muniain, and Mou Roy, who helped set things up.
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The Loop Formulation of Gauge Theory and
Gravity

Renate Loll

Center for Gravitational Physics and Geometry,
Pennsylvania State University,
University Park, Pennsylvania 16802, USA
(email: loll@phys.psu.edu)

Abstract

This chapter contains an overview of the loop formulation of Yang—
Mills theory and 3+1-dimensional gravity in the Ashtekar form.
Since the configuration spaces of these theories are spaces of gauge
potentials, their classical and quantum descriptions may be given in
terms of gauge-invariant Wilson loops. I discuss some mathematical
problems that arise in the loop formulation and illustrate parallels
and differences between the gauge theoretic and gravitational appli-
cations. Some remarks are made on the discretized lattice approach.

1 Introduction

This chapter summarizes the main ideas and basic mathematical structures
that are necessary to understand the loop formulation of both gravity and
gauge theory. It is also meant as a guide to the literature, where all the
relevant details may be found. Many of the mathematical problems aris-
ing in the loop approach are described in a related review article [21]. I
have tried to treat Yang-Mills theory and gravity in parallel, but also to
highlight important differences. Section 2 summarizes the classical and
quantum features of gauge theory and gravity, formulated as theories of
connections. In Section 3, the Wilson loops and their properties are intro-
duced, and Section 4 discusses the classical equivalence between the loop
and the connection formulation. Section 5 contains a summary of progress
in a corresponding lattice loop approach, and in Section 6 some of the main
ingredients of quantum loop representations are discussed.

2 Yang—Mills theory and general relativity as
dynamics on connection space

In this section I will briefly recall the Lagrangian and Hamiltonian for-

mulation of both pure Yang—Mills gauge theory and gravity, defined on a

4-dimensional manifold M = £3 x R of Lorentzian signature. The gravi-

tational theory will be described in the Ashtekar form, in which it most
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closely resembles a gauge theory.
The classical actions defining these theories are (up to overall constants)

Sy m[*A] = —/ d*zr Tt F,, F* = — | Tr(F A*F) (2.1)
M M
and
Sar[*A, €] = / d*z ee?eZFWU = / ergr el nel N FEL (2.2)
M M

for Yang—Mills theory and general relativity respectively. In (2.1), the basic
variable A is a Lie(G)-valued connection 1-form on M, where G denotes
the compact and semisimple Lie-structure group of the Yang—Mills theory
(typically G = SU(N)). In (2.2), which is a first-order form of the gravi-
tational action, A is a self-dual, so(3,1)c-valued connection 1-form, and e
a vierbein, defining an isomorphism of vector spaces between the tangent
space of M and the fixed internal space with the Minkowski metric 7; ;.
The connection A is self-dual in the internal space, Aﬁ“v = —%EMNUALJ,
with the totally antisymmetric e-tensor. (A mathematical characterization
of the action (2.2) is contained in Baez’ chapter [9].) As usual, F' denotes
in both cases the curvature associated with the 4-dimensional connection
1A.

Note that the action (2.2) has the unusual feature of being complex. I
will not explain here why this still leads to a well-defined theory equivalent
to the standard formulation of general relativity. Details may be found in
3, 4].

Our main interest will be the Hamiltonian formulations associated with
(2.1) and (2.2). Assuming the underlying principal fibre bundles P(%, G) to
be trivial, we can identify the relevant phase spaces with cotangent bundles
over affine spaces A of Lie(G)-valued connections on the 3-dimensional
manifold ¥ (assumed compact and orientable). The cotangent bundle T*.A
is coordinatized by canonically conjugate pairs (A, E), where A is a Lie(G)-
valued, pseudo-tensorial 1-form (‘gauge potential’) and E a Lie(G)-valued
vector density (‘generalized electric field’) on ¥. We have G = SU(N), say,
for gauge theory, and G = SO(3)¢ for gravity. The standard symplectic
structure on 7% A is expressed by the fundamental Poisson bracket relations

{44 (2), B (y)} = 61006° (x — y) (2.3)
for gauge theory, and
{44 (2), B} (y)} = i 676,8%(x — y) (2.4)

for gravity, where the factor of 7 arises because the connection A is complex
valued. In (2.3) and (2.4), a and b are 3-dimensional spatial indices and i



The Loop Formulation of Gauge Theory and Gravity 3

and j internal gauge algebra indices.

However, points in T*A do not yet correspond to physical configura-
tions, because both theories possess gauge symmetries, which are related
to invariances of the original Lagrangians under certain transformations
on the fundamental variables. At the Hamiltonian level, this manifests it-
self in the existence of so-called first-class constraints. These are sets C of
functions C' on phase space, which are required to vanish, C = 0, for phys-
ical configurations and at the same time generate transformations between
physically indistinguishable configurations. In our case, the first-class con-
straints for the two theories are

Cyu = {D,E*} (2.5)

and
Cor = {DoE™, Coy = Fu'E}, C = 9" Fy; ESEL}. (2.6)

The physical interpretation of these constraints is as follows: the so-
called Gauss law constraints D, E% = 0, which are common to both theo-
ries, restrict the allowed configurations to those whose covariant divergence
vanishes, and at the same time generate local gauge transformations in the
internal space. The well-known Yang—Mills transformation law correspond-
ing to a group element g € G, the set of G-valued functions on X, is

(A,E) — (g "Ag+g 'dg.g 'Eg). (2.7)

The second set, {C,}, of constraints in (2.6) generates 3-dimensional
diffeomorphisms of ¥ and the last expression, the so-called scalar or Hamil-
tonian constraint C, generates phase space transformations that are inter-
preted as corresponding to the time evolution of the spatial slice ¥ in M in
a spacetime picture. Comparing (2.5) and (2.6), we see that in the Hamil-
tonian formulation, pure gravity may be interpreted as a Yang—Mills theory
with gauge group G = SO(3)c, subject to four additional constraints in
each point of ¥. However, the dynamics of the two theories is different; we
have

Hy (A E) :/

1 - . - .
&z gab(—E‘“Ef + gB‘“Bf) (2.8)
) V9 Vo

as the Hamiltonian for Yang—Mills theory (where for convenience we have
introduced the generalized magnetic field Bf' := —%eachbci). Note the
explicit appearance of a Riemannian background metric g on ¥, to contract
indices and ensure the integrand in (2.8) is a density. On the other hand, no
such additional background structure is necessary to make the gravitational
Hamiltonian well defined. The Hamiltonian Hgpr for gravity is a sum of a
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subset of the constraints (2.6),

Her(AE) = z/ & (NaFabiEf - %yeiijabkEgEj?), (2.9)

b
and therefore vanishes on physical configurations. (N and N® in (2.9)
are Lagrange multipliers, the so-called lapse and shift functions.) This
latter feature is peculiar to generally covariant theories, whose gauge group
contains the diffeomorphism group of the underlying manifold. A further
difference from the gauge-theoretic application is the need for a set of reality
conditions for the gravitational theory, because the connection A is a priori
a complex coordinate on phase space.

The space of physical configurations of Yang—Mills theory is the quotient
space A/G of gauge potentials modulo local gauge transformations. It
is non-linear and has non-trivial topology. After excluding the reducible
connections from A, this quotient can be given the structure of an infinite-
dimensional manifold for compact and semisimple G [2]. The corresponding
physical phase space is then its cotangent bundle T*(A/G). Elements of
T*(A/G) are called classical observables of the Yang—Mills theory.

The non-linearities of both the equations of motion and the physical
configuration/phase spaces, and the presence of gauge symmetries for these
theories, lead to numerous difficulties in their classical and quantum de-
scription. For example, in the path integral quantization of Yang—Mills
theory, a gauge-fixing term has to be introduced in the ‘sum over all con-
figurations’

_ ety M .
7= /A [dA] , (2.10)

to ensure that the integration is only taken over one member *A of each
gauge equivalence class. However, because the principal bundle A — A4/G
is non-trivial, we know that a unique and attainable gauge choice does not
exist (this is the assertion of the so-called Gribov ambiguity). In any case,
since the expression (2.2) can be made meaningful only in a weak-field
approximation where one splits Sy = Sgee + S1, With Sgee being just
quadratic in A, this approach has not yielded enough information about
other sectors of the theory, where the fields cannot be assumed weak.

Similarly, in the canonical quantization, since no good explicit descrip-
tion of T*(A/G) is available, one quantizes the theory ‘a la Dirac’. This
means that one first ‘quantizes’ on the unphysical phase space T*A, ‘as
if there were no constraints’. That is, one uses a formal operator repre-
sentation of the canonical variable pairs (A,E~’)7 satisfying the canonical
commutation relations

[ (2), B (y)] = ihd;506°(x — y), (2.11)
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the quantum analogues of the Poisson brackets (2.3). Then a subset of
physical wave functions f;fy = {W,ny(A)} is projected out from the space
of all wave functions, F = {¥(A)}, according to

Foml = {w(4) € F| (DE)¥(4) = 0}, (2.12)

ie. f;fy consists of all functions that lie in the kernel of the quantized

Gauss constraint, DE. (For a critical appraisal of the use of such ‘Dirac
conditions’, see [20].) The notations F and f;/h{y indicate that these are
just spaces of complex-valued functions on A and do not yet carry any
Hilbert space structure. Whereas this is not required on the unphysical
space JF, one does need such a structure on ]-"g/hy in order to make physical
statements, for instance about the spectrum of the quantum Hamiltonian
H. Unfortunately, we lack an appropriate scalar product, i.e. an appropri-
ate gauge-invariant measure [dA]g in

o Vi = [ (015 W35, (4)035,(4). (213)
A/G

(More precisely, we expect the integral to range over an extension of the
space A/G which includes also distributional elements [5].) Given such a
measure, the space of physical wave functions would be the Hilbert space
HYM ¢ .7:;/}1];,4 of functions square-integrable with respect to the inner
product (2.13).

Unfortunately, the situation for gravity is not much better. Here the
space of physical wave functions is the subspace of F projected out accord-
ing to

FGR = (W(A) e F| (DE)U(A) =0, C,U(A) =0, CU(A)=0}. (2.14)

phy

Again, one now needs an inner product on the space of such states. As-
suming that the states Wy, of quantum gravity can be described as the
set of complex-valued functions on some (still infinite-dimensional) space
M, the analogue of (2.13) reads

(g W) = /M[dA] 5 (AT (A), (2.15)

where the measure [dA] is now both gauge and diffeomorphism invariant
and projects in an appropriate way to M. If we had such a measure (again,
we do not), the Hilbert space HEF of states for quantum gravity would con-
sist of all those elements of fgg which are square-integrable with respect
to that measure. In the—up to now—absence of explicit measures to make
(2.13, 2.15) well defined, our confidence in the procedure outlined here
stems from the fact that it can be made meaningful for lower-dimensional
model systems (such as Yang-Mills theory in 141 and gravity in 241 di-
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mensions), where the analogues of the space M are finite dimensional (cf.
also [9]).

Note that there is a very important difference in the role played by
the quantum Hamiltonians in gauge theory and gravity. In Yang-Mills
theory, one searches for solutions in HY* of the eigenvector equation
Hy 31 pny(A) = BV, (A), whereas in gravity the quantum Hamiltonian
C'is one of the constraints and therefore a physical state of quantum gravity
must lie in its kernel, C'W,p,, (A) = 0.

After all that has been said about the difficulties of finding a canon-
ical quantization for gauge theory and general relativity, the reader may
wonder whether one can make any statements at all about their quantum
theories. For the case of Yang—Mills theory, the answer is of course in the
affirmative. Many qualitative and quantitative statements about quantum
gauge theory can be derived in a regularized version of the theory, where
the flat background space(time) is approximated by a hypercubic lattice.
Using refined computational methods, one then tries to extract (for either
weak or strong coupling) properties of the continuum theory, for exam-
ple an approximate spectrum of the Hamiltonian ﬁYM, in the limit as
the lattice spacing tends to zero. Still there are non-perturbative features,
the most important being the confinement property of Yang—Mills theory,
which also in this framework are not well understood.

Similar attempts to discretize the (Hamiltonian) theory have so far been
not very fruitful in the treatment of gravity, because, unlike in Yang-Mills
theory, there is no fixed background metric (with respect to which one could
build a hypercubic lattice), without violating the diffeomorphism invariance
of the theory. However, there are more subtle ways in which discrete struc-
tures arise in canonical quantum gravity. An example of this is given by the
lattice-like structures used in the construction of diffeomorphism-invariant
measures on the space A/G [6, 8]. One important ingredient we will be
focusing on are the non-local loop variables on the space A of connections,
which will be the subject of the next section.

3 Introducing loops!

A loop in ¥ is a continuous map -y from the unit interval into 3,
v:[0,1] — X
s = ), (3.1)
s.t. y(0) = ~(1).

The set of all such maps will be denoted by 3, the loop space of X.
Given such a loop element ~, and a space A of connections, we can define
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a complex function on A x Q¥ the so-called Wilson loop,
1
Ta(y):==TrgP exp% A. (3.2)
N ¥

The path-ordered exponential of the connection A along the loop v, U, =
P exp fv A, is also known as the holonomy of A along y. The holonomy
measures the change undergone by an internal vector when parallel trans-
ported along 7. The trace is taken in the representation R of G, and N is
the dimensionality of this linear representation. The quantity T4 (7y) was
first introduced by K. Wilson as an indicator of confining behaviour in the
lattice gauge theory [32]. It measures the curvature (or field strength) in a
gauge-invariant way (the components of the tensor Fy; itself are not mea-
surable), as can easily be seen by expanding T4 () for an infinitesimal loop
~. The Wilson loop has a number of interesting properties.

1. Tt is invariant under the local gauge transformations (2.7), and there-
fore an observable for Yang—Mills theory.

2. It is invariant under orientation-preserving reparametrizations of the

loop 7.
3. It is independent of the basepoint chosen on ~.

It follows from 1 and 2 that the Wilson loop is a function on a cross-product
of the quotient spaces, Ta(y) € F(A/G x QX /Diff *(Sh)).

In gravity, the Wilson loops are not observables, since they are not in-
variant under the full set of gauge transformations of the theory. However,
there is now one more reason to consider variables that depend on closed
curves in ¥, since observables in gravity also have to be invariant under dif-
feomorphisms of ¥. This means going one step further in the construction
of such observables, by considering Wilson loops that are constant along
the orbits of the Diff (X)-action,

T(povy)=T(v), Vo € Diff(%). (3.3)

Such a loop variable will just depend on what is called the generalized
knot class K (v) of v (‘generalized’ since v may possess self-intersections and
self-overlaps, which is not usually considered in knot theory). Note that
a similar construction for taking care of the diffeomorphism invariance is
not very contentful if we start from a local scalar function, ¢(z), say. The
analogue of (3.3) would then tell us that ¢ had to be constant on any
connected component of 3. The set of such variables is not big enough
to account for all the degrees of freedom of gravity. In contrast, loops
can carry diffeomorphism-invariant information such as their number of
self-intersections, number of points of non-differentiability, etc.

The use of non-local holonomy variables in gauge field theory was pi-
oneered by Mandelstam in his 1962 paper on ‘Quantum electrodynamics
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without potentials’ [24], and later generalized to the non-Abelian theory
by Bialynicki-Birula [10] and again Mandelstam [25]. Another upsurge in
interest in path-dependent formulations of Yang—Mills theory took place
at the end of the 1970s, following the observation of the close formal re-
semblance of a particular form of the Yang-Mills equations in terms of
holonomy variables with the equations of motion of the 2-dimensional non-
linear sigma model [1, 28]. Another set of equations for the Wilson loop
was derived by Makeenko and Migdal (see, for example, the review [26]).

The hope underlying such approaches has always been that one may be
able to find a set of basic variables for Yang—Mills theory which are better
suited to its quantization than the local gauge potentials A(z). Owing to
their simple behaviour under local gauge transformations, the holonomy
or the Wilson loop seem like ideal candidates. The aim has therefore been
to derive suitable differential equations in loop space for the holonomy
U,, its trace, T'(7y), or for their vacuum expectation values, which are to
be thought of as the analogues of the usual local Yang—Mills equations of
motion. The fact that none of these attempts have been very successful
can be attributed to a number of reasons.

e To make sense of differential equations on loop space, one first has to
introduce a suitable topology, and then set up a differential calculus
on QX. Even if we give QY locally the structure of a topological vector
space, and are able to define differentiation, this in general will ensure
the existence of neither inverse and implicit function theorems nor
theorems on the existence and uniqueness of solutions of differential
equations. Such issues have only received scant attention in the past.

e Since the space of all loops in ¥ is so much larger than the set of
all points in ¥, one expects that not all loop variables will be in-
dependent. This expectation is indeed correct, as will be explained
in the next section. Still, the ensuing redundancy is hard to control
in the continuum theory, and has therefore obscured many attempts
of establishing an equivalence between the connection and the loop
formulation of gauge theory. For example, there is no action princi-
ple in terms of loop variables, which leaves considerable freedom for
deriving ‘loop equations of motion’. As another consequence, pertur-
bation theory in the loop approach always had to fall back on the
perturbative expansion in terms of the connection variable A.

4 Equivalence between the connection and loop
formulations

In this section I will discuss the motivation for adopting a ‘pure loop for-

mulation’ for any theory whose configuration space comes from a space

A/G of connection 1-forms modulo local gauge transformations. For the

Yang-Mills theory itself, there is a strong physical motivation to choose
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the variables T'(y) as a set of basic variables: on physical grounds, one
requires only physical observables O (i.e. in our case the Wilson loops, and
not the local fields A) to be represented by self-adjoint operators O in the
quantum theory, with the classical Poisson relations {O, O’} going over to
the quantum commutators ik[O, O'].

There is also a mathematical justification for re-expressing the classical
theory in terms of loop variables. It is a well-known result that one can
reconstruct the gauge potential A up to gauge transformations from the
knowledge of all holonomies U, for any structure group G C GL(N, C).
Therefore all that remains to be shown is that one can reconstruct the
holonomies {U,} from the set of Wilson loops {T'(7)}. It turns out that,
at least for compact G, there is indeed an equivalence between the two
quotient spaces [17]

A {T(v), v € Q¥/Diff *(S")}
G~ Mandelstam constraints

(4.1)

By Mandelstam constraints I mean a set of necessary and sufficient con-
ditions on generic complex functions f(y) on Q¥ /Diff*(S') that ensure
they are the traces of holonomies of a group G in a given representation
R. They are typically algebraic, non-linear constraints among the 7'(7y).
To obtain a complete set of such conditions (without making reference to
the connection space A) is a non-trivial problem that for general G to my
knowledge has not been solved.

For example, for G = SL(2,C) in the fundamental representation by
2 x 2-matrices, the Mandelstam constraints are

(a) T (point loop) =1

(b) T(y)=TH)

(c) T(niov2)=T(y20m) (4.2)
(d) T()=T#), ~=yopou!

(e) T(v1)T(y2) = %(T(”yl oAlomvygo )\_1) +T(y10A0 751 o )\_1)).

The loop 7/ in eqn (d) is the loop 7 with an ‘appendix’ p o =1 attached,
where p is any path (not necessarily closed) starting at a point of v (see
Fig. 1). In (e), A is a path starting at a point of v; and ending at 2 (see
Fig. 2). The circle o denotes the usual path composition. It is believed
that the set (4.2) and all conditions that can be derived from (4.2) exhaust
the Mandelstam constraints for this particular gauge group and represen-
tation, although I am not aware of a formal proof. Still, owing to the
non-compactness of G, it can be shown that not every element of A4/G can
be reconstructed from the Wilson loops. This is the case for holonomies
that take their values in the so-called subgroup of null rotations [18]. How-
ever, this leads only to an incompleteness ‘of measure zero’ of the Wilson
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OO0 -CO-CO

OAoy oA™! 0/10}’"01'

Fic. 1. Adding an appendix g o p~! to the loop v does not change the

Wilson loop

o#ou

Fia. 2. The loop configurations related by the Mandelstam constraint
T()T(72) = %(T(% odoyzoX) +T(yi0Aony o /\*1)>

loops on A/G.

If one wants to restrict the group G to a subgroup of SL(2,C), there
are further conditions on the loop variables, which now take the form of
inequalities [23]. For SU(2) C SL(2,C), one finds the two conditions

—1<T(H) <1
2
(Tnom) =Tlnoms?)) <40 -T2 -T(1P), (43)
whereas for SU(1,1) C SL(2, C) one derives

T(n)*<1 A T(p)*<1 =

(T om) ~Tnon")) 240 - T - TP, (44)

and no restrictions for other values of T'(v1) and T'(2). Unfortunately,
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(4.3) and (4.4) do not exhaust all inequalities there are for SU(2) and
SU(1,1) respectively. There are more inequalities corresponding to more
complicated configurations of more than two intersecting loops, which are
critically dependent on the geometry of the loop configuration.

Let me finish this section with some further remarks on the Mandelstam
constraints:

e In cases where the Wilson loops form a complete set of variables,
they are actually overcomplete, due to the existence of the Mandel-
stam constraints (i.e. implicitly the non-trivial topological structure
of A/G). This is the overcompleteness I referred to in the previous
section.

e Note that one may interpret some of the constraints (4.2) as con-
straints on the underlying loop space, i.e. the Wilson loops are effec-
tively not functions on QX /Diff*(S1), but on some appropriate quo-
tient with respect to equivalence relations such as v ~ youou~!. The
existence of such relations makes it difficult to apply directly math-
ematical results on the loop space Q¥ or the space QX /Diff"(S1)
of oriented, unparametrized loops (such as [12, 13, 14, 31]) to the
present case.

e One has to decide how the Mandelstam constraints are to be carried
over to the quantum theory. One may try to eliminate as many of
them as possible already in the classical theory, but real progress
in this direction has only been made in the discretized lattice gauge
theory (see Section 5 below). Another possibility will be mentioned
in Section 6.

e Finally, let me emphasize that the equivalence of the connection and
the loop description at the classical level does not necessarily mean
that quantization with the Wilson loops as a set of basic variables
will be equivalent to a quantization in which the connections A are
turned into fundamental quantum operators. One may indeed hope
that at some level, those two possibilities lead to different results,
with the loop representation being better suited for the description
of the non-perturbative structure of the theory.

5 Some lattice results on loops

This section describes the idea of taking the Wilson loops as the set of basic
variables, as applied to gauge theory, although some of the techniques and
conclusions may be relevant for gravitational theories too. The lattice
discretization is particularly suited to the loop formulation, because in it
the gauge fields are taken to be concentrated on the 1-dimensional links I;
of the lattice. The Wilson loops are easily formed by multiplying together
the holonomies Uy, ... U, of a set of contiguous, oriented links that form

n
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I A A 2 A

Y

FIG. 3. v is a loop on the hypercubic lattice N, N =6, d = 2.

a closed chain on the lattice (see Fig. 3),

T(’y) :TI‘Rlelle2 Ul (51)

n*

We take the lattice to be the hypercubic lattice N¢, with periodic
boundary conditions (N is the number of links in each direction), and
the gauge group G to be SU(2), again in the fundamental representation.
Although the lattice is finite, there are an infinite number of closed con-
tours one can form on it, and hence an infinite number of Wilson loops. At
the same time, the number of Mandelstam constraints (4.2) is infinite. The
only constraints that cause problems are those of type (e), because of their
non-linear and highly coupled character. Nevertheless, as I showed in [19],
it is possible to solve this coupled set of equations and obtain an explicit
local description of the finite-dimensional physical configuration space

A {T'(v), v alattice loop}
Cphy = = =

= 5.2
Mandelstam constraints (5:2)
lattice

in terms of an independent set of Wilson loops. The final solution for
the independent degrees of freedom is surprisingly simple: it suffices to
use the Wilson loops of small lattice loops, consisting of no more than six
lattice links. At this point it may be noted that a similar problem arises
in 241 gravity (in the connection formulation) on a manifold ¥9 x R, with
a compact, 2-dimensional Riemann surface 39 of genus g. One also has a
discrete set of loops, namely, the elements of the homotopy group of %9,
and can introduce the corresponding Wilson loops. Again, one is interested
in finding a maximally reduced set of such Wilson loops, in terms of which
all the others can be expressed, using the Mandelstam constraints (see, for
example, [7, 27]).
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Of course it does not suffice to establish a set of independent loop
variables on the lattice; one also has to show that the dynamics can be
expressed in a manageable form in terms of these variables. Some important
problems are the following.

1. Since the space Cpny = A/G is topologically non-trivial, the set of
independent lattice Wilson loops cannot provide a good global chart
for Cppy. It would therefore be desirable to find a minimal embedding
into a space of loop variables that is topologically trivial (together
with a finite number of non-linear constraints that define the space
Cphy)-

2. What is the explicit form of the Jacobian of the transformation from
the holonomy link variables to the Wilson loops? From this one could
derive an effective action/Hamiltonian for gauge theory, and maybe
derive a prescription of how to translate local quantities into their
loop space analogues.

3. Is it possible to define a perturbation theory in loop space, once one
understands which Wilson loop configurations contribute most in the
path integral, say? This would be an interesting alternative to the
usual perturbation theory in A or the %—expansion, and may lead
to new and more efficient ways of performing calculations in lattice
gauge theory.

4. Lastly, in finding a solution to the Mandelstam constraints it was
crucial to have the concept of a smallest loop size on the lattice (the
loops of link length 4 going around a single plaquette). What are the
consequences of this result for the continuum theory, where there is
no obstruction to shrinking loops down to points?

Some progress on points 1 and 2 has been made for small lattices [22], and
it is clear that all of the above-posed problems are rather non-trivial, even
in the discretized lattice theory where the number of degrees of freedom is
effectively finite. One may be able to apply some of the techniques used
here to 3+1-dimensional gravity, where discrete structures appear too (the
generalized knot classes) after factoring out by the spatial diffeomorphisms.

6 Quantization in the loop approach

I will now return to the discussion of the continuum theory of both gravity
and gauge theory, and review a few concepts that have been used in their
quantization in a loop formulation. The contributions by Ashtekar and
Lewandowski [6] and Pullin [29] in this volume contain more details about
some of the points raised here.

The main idea is to base the canonical quantization of a theory with
configuration space A on the non-local, gauge-invariant phase space vari-
ables T'(y) (and not on some gauge-covariant local field variables). This
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is a somewhat unusual procedure in the quantization of a field theory, but
takes directly into account the non-linearities of the theory.

You may have noted that so far we have only talked about configura-
tion space variables, the Wilson loops. For a canonical quantization we
obviously need some momentum variables that depend on the generalized
electric field E. One choice of a generalized Wilson loop that also depends
on E is ~

T?, 5 (7.8) = Tr Uy () B (1(s)). (6.1)

This variable depends now on both a loop and a marked point, and it is still
gauge invariant under the transformations (2.7). Also it is strictly speaking
not a function on phase space, but a vector density. This latter fact may be
remedied by integrating T'® over a 2-dimensional ‘ribbon’ or ‘strip’, i.e. a
non-degenerate 1-parameter congruence of curves v.(s) =: R(s,t), t € [0, 1]
[5]. In any case, the ‘momentum Wilson loop’ depends not just on a loop,
but needs an additional geometric ingredient. I will use here the unsmeared
version since it does not affect what I am going to say.

The crucial ingredient in the canonical quantization is the fact that the
loop variables (T'(v),T%(7, s)) form a closing algebra with respect to the
canonical symplectic structure on T*A. This fact was first established by
Gambini and Trias [16] for the gauge group SU(N) and later rediscovered
by Rovelli and Smolin in the context of gravity [30]. For the special case of
G = SL(2,C) (or any of its subgroups) in the fundamental representation,
the Poisson algebra of the loop variable s is

{T(m),T(72)} =0,

{T(1,9), T(12)} = =A%2,31(5)) (T 05 32) = T 0 73571) ),

{T(y1,8), T (2, 1)} = (6.2)
— %92, () ( TP 06 92, u(t)) + T*(n 0475, u(t)) )

+A (1, 72(6)) (T2 00791, 0(5)) + T (32 0077, 0(5)) ).

In the derivation of this semidirect product algebra, the Mandelstam con-
straints (4.2e) have been used to bring the right-hand sides into a form
linear in T'. The structure constants A are distributional and depend just
on the geometry of loops and intersection points,

A7) = f dt 63 (+(t), )3 (). (6.3)

The Poisson bracket of two loop variables is non-vanishing only when
an insertion of an electric field £ in a T%-variable coincides in ¥ with (the
holonomy of) another loop. For gauge group SU(N), the right-hand sides
of the Poisson brackets can no longer be written as linear expressions in T'.
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By a ‘quantization of the theory in the loop representation’ we will mean
a representation of the loop algebra (6.2) as the commutator algebra of a
set of self-adjoint operators (T'(7y), T%(7,s)) (or an appropriately smeared
version of the momentum operator 7%(7, s)). Secondly, the Mandelstam
constraints must be incorporated in the quantum theory, for example by
demanding that relations like (4.2) hold also for the corresponding quan-
tum operators T(v) For the momentum Wilson loops there are analogous
Mandelstam constraints.

The completion of this quantization program is different for gauge the-
ory and gravity, in line with the remarks made in Section 2 above. For
Yang—Mills theory, one has to find a Hilbert space of wave functionals that
depend on either the Wilson loops T'(7) or directly on the elements v of
some appropriate (quotient of a) loop space. The quantized Wilson loops
must be self-adjoint with respect to the inner product on this Hilbert space,
since they correspond to genuine observables in the classical theory. Then
the Yang—Mills Hamiltonian (2.8) has to be re-expressed as a function of
Wilson loops, and finally, one has to solve the eigenvector equation

Hy m(T(7), T°(7)¥(a) = E¥(a), (6.4)

to obtain the spectrum of the theory. Because of the lack of an appropriate
scalar product in the continuum theory, the only progress that has been
made along these lines is in the lattice-regularized version of the gauge
theory (see, for example, [11, 15]).

For the case of general relativity one does not require the loop vari-
ables (T'(v), Ty, s)) to be represented self-adjointly, because they do not
constitute observables on the classical phase space. At least one such repre-
sentation (where the generalized Wilson loops are represented as differential
operators on a space of loop functionals ¥(v)) is known, and has been ex-
tensively used in quantum gravity. The completion of the loop quantization
program for gravity requires an appropriate inclusion of the 3-dimensional
diffeomorphism constraints C,, and the Hamiltonian constraint C, cf. (2.6),
which again means that they have to be re-expressed in terms of loop vari-
ables. Then, solutions to these quantum constraints have to be found, i.e.
loop functionals that lie in their kernel,

Ca(T (), T () ¥(@) =0 A C(T(7), T*(y)¥(a) =0.  (6.5)

Finally, the space of these solutions (or an appropriate subspace) has
to be given a Hilbert space structure to make a physical interpretation
possible. No suitable scalar product is known at the moment, but there
exist a large number of solutions to the quantum constraint equations (6.5).
These solutions and their relation to knot invariants are the subject of
Pullin’s chapter [29].

There is one more interesting mathematical structure in the loop ap-
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proach to which I would like to draw attention, and which tries to establish
a relation between the quantum connection and the quantum loop rep-
resentation(s). This is the so-called loop transform, first introduced by
Rovelli and Smolin [30], which is supposed to intertwine the two types of
representations according to

B(y) = /A 44l Ta) By (4) (6.6)

and

(F@)o) = [ a4 Tat) (Pl (@), 6

and similarly for the action of the T“(v). Indeed, it was by the heuristic
use of (6.6) and (6.7) that Rovelli and Smolin arrived at the quantum
representation of the loop algebra (6.2) mentioned above. The relation
(6.6) is to be thought of as a non-linear analogue of the Fourier transform

U(p) = \/% /d:c P (z) (6.8)

on L?(R,dx), but does in general not possess an inverse. Again, for Yang—
Mills theory we do not know how to construct a concrete measure [dA]g that
would allow us to proceed with a loop quantization program, although in
this case the loop transform can be given a rigorous mathematical meaning.

For the application to gravity, the domain space of the integration will
be a smaller space M, as explained in Section 2 above, but for this case we
know even less about the well-definedness of expressions like (6.6) and (6.7).
There is, however, a variety of simpler examples (such as 2+1-dimensional
gravity, electrodynamics, etc.) where the loop transform is a very useful
and mathematically well-defined tool.

The following diagram (Fig. 4) summarizes the relations between con-
nection and loop dynamics, both classically and quantum-mechanically, as
outlined in Sections 4 and 6.
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Abstract
Integral calculus on the space A/G of gauge-equivalent connections
is developed. Loops, knots, links, and graphs feature prominently
in this description. The framework is well suited for quantization of
diffeomorphism-invariant theories of connections.

The general setting is provided by the Abelian C*-algebra of
functions on A/G generated by Wilson loops (i.e. by the traces of
holonomies of connections around closed loops). The representation
theory of this algebra leads to an interesting and powerful ‘dual-
ity’ between gauge equivalence classes of connections and certain
equivalence classes of closed loops. In particular, regular measures
on (a suitable completion of) A/G are in 1-1 correspondence with
certain functions of loops and diffeomorphism invariant measures
correspond to (generalized) knot and link invariants. By carrying
out a non-linear extension of the theory of cylindrical measures on
topological vector spaces, a faithful, diffeomorphism-invariant mea-
sure is introduced. This measure can be used to define the Hilbert
space of quantum states in theories of connections. The Wilson loop
functionals then serve as the configuration operators in the quantum
theory.

1 Introduction

The space A/G of connections modulo gauge transformations plays an im-
portant role in gauge theories, including certain topological theories and
general relativity [1]. In a typical set-up, A/G is the classical configu-
ration space. In the quantum theory, then, the Hilbert space of states

1On leave from: Instytut Fizyki Teoretycznej, Warsaw University ul. Hoza 69, 00-689
Warszawa, Poland
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would consist of all square-integrable functions on A/G with respect to
some measure. Thus, the theory of integration over .A4/G would lie at
the heart of the quantization procedure. Unfortunately, since A/G is an
infinite-dimensional non-linear space, the well-known techniques to define
integrals do not go through and, at the outset, the problem appears to be
rather difficult. Even if this problem could be overcome, one would still
face the issue of constructing self-adjoint operators corresponding to phys-
ically interesting observables. In a Hamiltonian approach, the Wilson loop
functions provide a natural set of (manifestly gauge-invariant) configura-
tion observables. The problem of constructing the analogous, manifestly
gauge-invariant ‘momentum observables’ is difficult already in the classical
theory: these observables would correspond to vector fields on 4/G and
differential calculus on this space is not well developed.

Recently, Ashtekar and Isham [2] (hereafter referred to as A-T) devel-
oped an algebraic approach to tackle these problems. The A-I approach
is in the setting of canonical quantization and is based on the ideas in-
troduced by Gambini and Trias in the context of Yang—Mills theories [3]
and by Rovelli and Smolin in the context of quantum general relativity
[4]. Fix an n-manifold ¥ on which the connections are to be defined and
a compact Lie group G which will be the gauge group of the theory un-
der consideration?. The first step is the construction of a C*-algebra of
configuration observables—a sufficiently large set of gauge-invariant func-
tions of connections on Y. A natural strategy is to use the Wilson loop
functions—the traces of holonomies of connections around closed loops on
>—to generate this C*-algebra. Since these are configuration observables,
they commute even in the quantum theory. The C*-algebra is therefore
Abelian. The next step is to construct representations of this algebra.
For this, the Gel’fand spectral theory provides a natural setting since any
given Abelian C*-algebra with identity is naturally isomorphic with the
C*-algebra of continuous functions on a compact, Hausdorfl space, the
Gel’fand spectrum sp(C*) of that algebra. (As the notation suggests,
sp(C*) can be constructed directly from the given C*-algebra: its ele-
ments are homomorphisms from the given C*-algebra to the x-algebra of
complex numbers.) Consequently, every (continuous) cyclic representation
of the A-T C*-algebra is of the following type: the carrier Hilbert space is
L?(sp(C*), du) for some regular measure dy and the Wilson loop operators
act (on square-integrable functions on sp(C*)) simply by multiplication.
A-T pointed out that, since the elements of the C*-algebra are labelled by
loops, there is a 1-1 correspondence between regular measures on sp(C*)

2In typical applications, ¥ will be a Cauchy surface in an (n + 1)-dimensional space-
time in the Lorentzian regime or an n-dimensional spacetime in the Euclidean regime.
In the main body of this paper, n will be taken to be 3 and G will be taken to be
SU(2) both for concreteness and simplicity. These choices correspond to the simplest
non-trivial applications of the framework to physics.
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and certain functions on the space of loops. Diffeomorphism-invariant mea-
sures correspond to knot and link invariants. Thus, there is a natural inter-
play between connections and loops, a point which will play an important
role in the present paper.

Note that, while the classical configuration space is A/G, the domain
space of quantum states is sp(C*). A-I showed that A4/G is naturally
embedded in sp(C*) and Rendall [5] showed that the embedding is in fact
dense. Elements of sp(C*) can be therefore thought of as generalized gauge-
equivalent connections. To emphasize this point and to simplify the nota-
tion, let us denote the spectrum of the A-I C*-algebra by A/G. The fact
that the domain space of quantum states is a completion of—and hence
larger than—the classical configuration space may seem surprising at first
since in ordinary (i.e. non-relativistic) quantum mechanics both spaces are
the same. The enlargement is, however, characteristic of quantum field
theory, i.e. of systems with an infinite number of degrees of freedom. A-I
further explored the structure of A/G but did not arrive at a complete
characterization of its elements. They also indicated how one could make
certain heuristic considerations of Rovelli and Smolin precise and associate
‘momentum operators’ with (closed) strips (i.e. (n—1)-dimensional ribbons)
on ¥. However, without further information on the measure dyu on A/G,
one cannot decide if these operators can be made self-adjoint, or indeed
if they are even densely defined. A-I did introduce certain measures with
which the strip operators ‘interact properly’. However, as they pointed out,
these measures have support only on finite-dimensional subspaces of A/G
and are therefore ‘too simple’ to be interesting in cases where the theory
has an infinite number of degrees of freedom.

In broad terms, the purpose of this paper is to complete the A—I program
in several directions. More specifically, we will present the following results:

1. We will obtain a complete characterization of elements of the Gel’fand
spectrum. This will provide a degree of control on the domain space of
quantum states which is highly desirable: since A/G is a non-trivial,
infinite-dimensional space which is not even locally compact, while
A/G is a compact Hausdorff space, the completion procedure is quite
non-trivial. Indeed, it is the lack of control on the precise content
of the Gel’fand spectrum of physically interesting C*-algebras that
has prevented the Gel’fand theory from playing a prominent role in
quantum field theory so far.

2. We will present a faithful, diffeomorphism-invariant measure on A—/g
The theory underlying this construction suggests how one might in-
troduce other diffeomorphism-invariant measures. Recently, Baez [6]
has exploited this general strategy to introduce new measures. These
developments are interesting from a strictly mathematical standpoint
because the issue of existence of such measures was a subject of
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controversy until recently®. They are also of interest from a physical
viewpoint since one can, for example, use these measures to regulate
physically interesting operators (such as the constraints of general
relativity) and investigate their properties in a systematic fashion.

3. Together, these results enable us to define a Rovelli-Smolin ‘loop
transform’ rigorously. This is a map from the Hilbert space
L?(A/G,du) to the space of suitably regular functions of loops on
Y. Thus, quantum states can be represented by suitable functions
of loops. This ‘loop representation’ is particularly well suited to
diffeomorphism-invariant theories of connections, including general
relativity.

We have also developed differential calculus on A—/g and shown that the
strip (i.e. momentum) operators are in fact densely defined, symmetric op-
erators on L2(A/G,du); i.e. that they interact with our measure correctly.
However, since the treatment of the strip operators requires a number of
new ideas from physics as well as certain techniques from graph theory,
these results will be presented in a separate work.

The methods we use can be summarized as follows.

First, we make the (non-linear) duality between connections and loops
explicit. On the connection side, the appropriate space to consider is the
Gel’'fand spectrum A/G of the A-I C*-algebra. On the loop side, the ap-
propriate object is the space of hoops—i.e. holonomically equivalent loops.
More precisely, let us consider based, piecewise analytic loops and regard
two as being equivalent if they give rise to the same holonomy (evaluated
at the basepoint) for any (G-)connection. Call each ‘holonomic equivalence
class’ a (G-)hoop. It is straightforward to verify that the set of hoops has
the structure of a group. (It also carries a natural topology [7], which,
however, will not play a role in this paper.) We will denote it by HG and
call it the hoop group. It turns out that HG and the spectrum A—/Q can be
regarded as being ‘dual’ to each other in the following sense:

1. Every element of HG defines a continuous, complex-valued function
on A/G and these functions generate the algebra of all continuous
functions on A/G.

2. Every element of A—/g defines a homomorphism from HG to the gauge
group G (which is unique modulo an automorphism of G) and every
homomorphism defines an element of A4/G.

In the case of topological vector spaces, the duality mapping respects
the topology and the linear structure. In the present case, however, HG has
the structure only of a group and .A/G of a topological space. The ‘duality’
mappings can therefore respect only these structures. Property 2 above

3We should add, however, that in most of these debates, it was A/G—rather than its
completion A/G—that was the center of attention.
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provides us with a complete (algebraic) characterization of the elements
of Gel’fand spectrum A/G while property 1 specifies the topology of the
spectrum.

The second set of techniques involves a family of projections from
the topological space A/G to certain finite-dimensional manifolds. For
each subgroup of the hoop group HG, generated by n independent hoops,
we define a projection from A/G to the quotient, G™/Ad, of the nth
power of the gauge group by the adjoint action. (An element of G™/Ad
is thus an equivalence class of n-tuples, (g1,...,¢n), with ¢g; € G, where
(g1,---59n) ~ (9591905 - - - 95 "gngo) for any go € G.) The lifts of func-
tions on G™/Ad are then the non-linear analogs of the cylindrical functions
on topological vector spaces. Finally, since each G™/Ad is a compact topo-
logical space, we can equip it with measures to integrate functions in the
standard fashion. This in turn enables us to define cylinder measures on
A/G and integrate cylindrical functions thereon. Using the Haar measure
on (G, we then construct a natural, diffeomorphism-invariant, faithful mea-
sure on A/G.

Finally, for completeness, we will summarize the strategy we have adop-
ted to introduce and analyze the ‘momentum operators’, although, as men-
tioned above, these results will be presented elsewhere. The first observa-
tion is that we can define ‘vector fields’ on A/G as derivations on the ring of
cylinder functions. Then, to define the specific vector fields corresponding
to the momentum (or strip) operators we introduce certain notions from
graph theory. These specific vector fields are ‘divergence-free’ with respect
to our cylindrical measure on A/G, i.e. they leave the cylindrical measure
invariant. Consequently, the momentum operators are densely defined and
symmetric on the Hilbert space of square-integrable functions on A4/G.

The paper is organized as follows. Section 2 is devoted to preliminaries.
In Section 3, we obtain the characterization of elements of .A/G and also
present some examples of those elements which do not belong to A4/G, i.e.
which represent genuine, generalized (gauge equivalence classes of) connec-
tions. Using the machinery introduced in this characterization, in Section
4 we introduce the notion of cylindrical measures on 4/G and then define
a natural, faithful, diffeomorphism-invariant, cylindrical measure. Section
5 contains concluding remarks.

In all these considerations, the piecewise analyticity of loops on X plays
an important role. That is, the specific constructions and proofs presented
here would not go through if the loops were allowed to be just piecewise
smooth. However, it is far from being obvious that the final results would
not go through in the smooth category. To illustrate this point, in Appendix
A we restrict ourselves to U(1) connections and, by exploiting the Abelian
character of this group, show how one can obtain the main results of this
paper using piecewise C' loops. Whether similar constructions are possible
in the non-Abelian case is, however, an open question. Finally, in Appendix
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B we consider another extension. In the main body of the paper, ¥ is a
3-manifold and the gauge group G is taken to be SU(2). In Appendix B,
we indicate the modifications required to incorporate SU(N) and U(N)
connections on an n-manifold (keeping, however, piecewise analytic loops).

2 Preliminaries

In this section, we will introduce the basic notions, fix the notation, and
recall those results from the A-I framework which we will need in the
subsequent discussion.

Fix a 3-dimensional, real, analytic, connected, orientable manifold .
Denote by P(3, SU(2)) a principal fibre bundle P over the base space X
and the structure group SU(2). Since any SU(2) bundle over a 3-manifold
is trivial we take P to be the product bundle. Therefore, SU(2) connections
on P can be identified with su(2)-valued 1-form fields on . Denote by A
the space of smooth (say C') SU(2) connections, equipped with one of the
standard (Sobolev) topologies (see, e.g., [8]). Every SU(2)-valued function
g on X defines a gauge transformation in A,

A-g:=g 'Ag+ g tdg. (2.1)

Let us denote the quotient of A under the action of this group G (of
local gauge transformations) by .A/G. Note that the affine space structure
of A is lost in this projection; .A4/G is a genuinely non-linear space with a
rather complicated topological structure.

The next notion we need is that of closed loops in X. Let us begin by
considering continuous, piecewise analytic (C*) parametrized paths, i.e.
maps

p:[0,81]U...U[sp_1,1] = & (2.2)

which are continuous on the whole domain and C* on the closed intervals
[sk, Sk+1]. Given two paths p1 : [0,1] — X and py: [0,1] — X such that
p1(1) = p2(0), we denote by py o py the natural composition:

1
mem) = {1 1y Tere 2

The ‘inverse’ of a path p: [0,1] — ¥ is a path

P~ (s) = p(1 = s). (2:4)

A path which starts and ends at the same point is called a loop. We will
be interested in based loops. Let us therefore fix, once and for all, a point
20 € 3. Denote by L 0 the set of piecewise C¥ loops which are based at
20, i.e. which start and end at z°.

Given a connection A on P(X, SU(2)), aloop a € L0, and a fixed point
20 in the fiber over the point x°, we denote the corresponding element of the
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holonomy group by H(«, A). (Since P is a product bundle, we will make
the obvious choice 2° = (2, ¢), where e is the identity in SU(2).) Using
the space of connections 4, we now introduce a key equivalence relation

on L o:

Two loops a, B € Lo will be said to be holonomically equivalent, o ~ G, iff
H(a,A) = H(B, A), for every SU(2) connection A in A.

Each holonomic equivalence class will be called a hoop. Thus, for example,
two loops (which have the same orientation and) which differ only in their
parametrization define the same hoop. Similarly, if two loops differ just
by a retraced segment, they belong to the same hoop. (More precisely,
if paths p; and py are such that pi(1) = p2(0) and py(0) = p2(1) = 2°,
so that po o py is a loop in L0, and if p is a path starting at the point
p1(1) = p2(0), then paop; and paopop~top; define the same hoop.) Note
that in general the equivalence relation depends on the choice of the gauge
group, whence the hoop should in fact be called an SU(2)-hoop. However,
since the group is fixed to be SU(2) in the main body of this paper, we
drop this suffix. The hoop to which a loop a belongs will be denoted by a.

The collection of all hoops will be denoted by HG; thus HG = L0/ ~.
Note that, because of the properties of the holonomy map, the space of
hoops, HG, has a natural group structure: &- B =« o (3. We will call it the
hoop group*.

With this machinery at hand, we can now introduce the A-I C*-algebra.
We begin by assigning to every & € HG a real-valued function Tg on A/G,
bounded between —1 and 1:

Ta(A) := $Tr H(a, A), (2.5)

where A € A/G; A is any connection in the gauge equivalence class A; o
any loop in the hoop &; and where the trace is taken in the fundamental
representation of SU(2). (Ts is called the Wilson loop function in the
physics literature.) Owing to SU(2) trace identities, products of these
functions can be expressed as sums:

TaT; = 5(Ta5+ Ts5-1), (2.6)

where, on the right, we have used the composition of hoops in HG. There-
fore, the complex vector space spanned by the T functions is closed under
the product; it has the structure of a x-algebra. Denote it by H.A and
call it the holonomy algebra. Since each Ty is a bounded continuous func-

4The hoop equivalence relation seems to have been introduced independently by a
number of authors in different contexts (e.g. by Gambini and collaborators in their
investigation of Yang—Mills theory and by Ashtekar in the context of 241 gravity).
Recently, the group structure of HG has been systematically exploited and extended
by Di Bartolo, Gambini, and Griego [9] to develop a new and potentially powerful
framework for gauge theories.
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tion on A/G, HA is a subalgebra of the C*-algebra of all complex-valued,
bounded, continuous functions thereon. The completion H.A of H.A (under
the sup norm) has therefore the structure of a C*-algebra. This is the A-T
C*-algebra.

As in [2], one can make the structure of H.A explicit by constructing it,
step by step, from the space of loops L,0. Denote by FL_ o the free vector
space over complexes generated by L,0. Let K be the subspace of FL o
defined as follows:

> ai € K iff Y aTs(A) =0, VAe A/G. (2.7)

It is then easy to verify that HA = FL,0/K. (Note that the K-equivalence
relation subsumes the hoop equivalence.) Thus, elements of H.4 can be rep-
resented either as Y a;T5, or as > a;[o;] k. The x-operation, the product,
and the norm on H.A can be specified directly on FL,0/K as follows:

Z(ai [ilk)* = Zdi [l i
(Z a; [Oéi]K) : (Z bj [53‘]K) = Zaiba‘([ai o Bk + [ci 0 85 ']k),

| S aladi | = sup | e Ta(A), (28)
i AG.A/Q 7

where @; is the complex conjugate of a;. The C*-algebra HA is obtained
by completing H.A in the norm topology.

By construction, HA is an Abelian C*-algebra. Furthermore, it is
equipped with the identity element T5 = [0]k, where o is the trivial (i.e.
zero) loop. Therefore, we can directly apply the Gel’fand representation
theory. Let us summarize the main results that follow [2]. First, we know
that H.A is naturally isomorphic to the C*-algebra of complex-valued, con-
tinuous functions on a compact Hausdorff space, the spectrum sp(H.A).
Furthermore, one can show [5] that the space A/G of connections mod-
ulo gauge transformations is densely embedded in sp(H.A). Therefore, we
can denote the spectrum as A/G. Second, every continuous, cyclic rep-
resentation of H.A by bounded operators on a Hilbert space has the fol-
lowing form: the representation space is the Hilbert space L?(A/G, du) for
some regular measure du on A/G and elements of HA, regarded as func-
tions on A/G, act simply by (pointwise) multiplication. Finally, each of
these representations is uniquely determined (via the Gel’fand—Naimark—
Segal construction) by a positive linear functional (-) on the C*-algebra
HA: > aiTs, — (3 ails,) = 3 ai(Ts,).

The functionals (-) naturally define functions I'(«) on the space L0 of
loops—which in turn serve as the ‘generating functionals’ for the representa-
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tion—via I'(a) = (Ta). Thus, there is a canonical correspondence between
regular measures on A4/G and generating functionals I'(«). The question
naturally arises: can we write down necessary and sufficient conditions for
a function on the loop space L 0 to qualify as a generating functional?
Using the structure of the algebra H.A outlined above, one can answer this
question affirmatively:

A function T'(a) on Lyo serves as a generating functional for the GNS

construction if and only if it satisfies the following two conditions:
Zai Tz, =0 = Zai I(a;) =0; and
> diaj(T(ei 0 ;) + T(aio o)) > 0. (2.9)
2%

The first condition ensures that the functional (-) on H.A, obtained by
extending I'(«) by linearity, is well defined while the second condition (by
(2.6)) ensures that it satisfies the ‘positivity’ property, (B*B) >0, VB €
HA. Thus, together, they provide a positive linear functional on the x-
algebra HA. Finally, since H.A is dense in H.A and contains the identity, it
follows that the positive linear functional (-) extends to the full C*-algebra
HA.

Thus, a loop function I'(«) satisfying (2.9) determines a cyclic represen-
tation of H.A and therefore a regular measure on A—/g Conversely, every
regular measure on A/G provides (through vacuum expectation values) a
loop functional T'(a) = (T5) satisfying (2.9). Note, finally, that the first
equation in (2.9) ensures that the generating function factors through the
hoop equivalence relation I'(«) = T'(&).

We thus have an interesting interplay between connections and loops,
or, more precisely, generalized gauge-equivalent connections (elements of
A/G) and hoops (elements of HG). The generators Ts of the holonomy
algebra (i.e. configuration operators) are labelled by elements & of HG. The
elements of the representation space (i.e. quantum states) are L? functions
on A/G. Regular measures du on A—/g are, in turn, determined by functions
on HG (satisfying (2.9)). The group of diffeomorphisms on ¥ has a natural
action on the algebra H.A, its spectrum .4/G, and the space of hoops,
HG. The measure dy is invariant under this induced action on A/G iff
I'(@) is invariant under the induced action on HG. Now, a diffeomorphism-
invariant function of hoops is a function of generalized knots—generalized,
because our loops are allowed to have kinks, intersections, and segments
that may be traced more than once.® Hence, there is a 1-1 correspondence

5If the gauge group were more general, we could not have expressed products of the
generators Tp as sums (eqn (2.6)). For SU(3), for example, one cannot get rid of double
products; triple (and higher) products can, however, be reduced to linear combinations
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between generalized knot invariants (which in addition satisfy (2.9)) and
regular diffeomorphism-invariant measures on generalized gauge-equivalent
connections.

3 The spectrum

The constructions discussed in Section 2 have several appealing features. In
particular, they open up an algebraic approach to the integration theory
on the space of gauge-equivalent connections and bring to the forefront
the duality between loops and connections. However, in practice, a good
control on the precise content and structure of the Gel’fand spectrum .4/G
of HA is needed to make further progress. Even for simple algebras which
arise in non-relativistic quantum mechanics—such as the algebra of almost
periodic functions on R™—the spectrum is rather complicated; while R™ is
densely embedded in the spectrum, one does not have as much control as
one would like on the points that lie in its closure (see, e.g., [5]). In the
case of a C*-algebra of all continuous, bounded functions on a completely
regular topological space, the spectrum is the Stone-Céch compactification
of that space, whence the situation is again rather unruly. In the case of
the AT algebra HA, the situation seems to be even more complicated:
since the algebra H.A is generated only by certain functions on A4/G, at
least at first sight, H.A appears to be a proper subalgebra of the C*-algebra,
of all continuous functions on A/G, and therefore outside the range of
applicability of standard theorems.

However, the holonomy C*-algebra is also rather special: it is con-
structed from natural geometrical objects—connections and loops—on the
3-manifold . Therefore, one might hope that its spectrum can be charac-
terized through appropriate geometric constructions. We shall see in this
section that this is indeed the case. The specific techniques we use rest
heavily on the fact that the loops involved are all piecewise analytic.

This section is divided into three parts. In the first, we introduce the
key tools that are needed (also in subsequent sections), in the second, we
present the main result, and in the third we give examples of ‘generalized
gauge-equivalent connections’, i.e. of elements of A/G — A/G. To keep the
discussion simple, generally we will not explicitly distinguish between paths
and loops and their images in X.

3.1 Loop decomposition

A key technique that we will use in various constructions is the decom-
position of a finite number of hoops, ai,...,a, into a finite number of
independent hoops, (1,...,0,. The main point here is that a given set

of double products of T and the T themselves. In this case, the generating functional is
defined on single and double loops, whence, in addition to knot invariants, link invariants
can also feature in the definition of the generating function.
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of loops need not be ‘holonomically independent’: every open segment in
a given loop may be shared by other loops in the given set, whence, for
any connection A in A, the holonomies around these loops could be inter-
related. However, using the fact that the loops are piecewise analytic, we
will be able to show that any finite set of loops can be decomposed into
a finite number of independent segments and this in turn leads us to the
desired independent hoops. The availability of this decomposition will be
used in the next subsection to obtain a characterization of elements of A/G
and in Section 4 to define ‘cylindrical’” functions on A4/G.

Our aim then is to show that, given a finite number of hoops, a1, ..., ax,
(with &; # identity in ‘HG for any i), there exists a finite set of loops,
{B1,.-.,0n} C Lo, which satisfies the following properties:

1. If we denote by HG (71, - . .,Jm) the subgroup of the hoop group HG
generated by the hoops 71, ..., ¥m, then we have

HG (@, ..., d00) CHG(B, ..., B, (3.1)

where, as before, /3; denotes the hoop to which (; belongs.

2. Each of the new loops 3; contains an open segment (i.e. an embedding
of an interval) which is traced exactly once and which intersects any
of the remaining loops §; (with ¢ # j) at most at a finite number of
points.

The first condition makes the sense in which each hoop &; can be decom-
posed in terms of 3; precise while the second condition specifies the sense

in which the new hoops 1, ..., 3, are independent.
Let us begin by choosing a loop a; € L,0 in each hoop &;, for all
i = 1,...,k, such that none of the &; has a piece which is immediately

retraced (i.e. none of the loops contains a path of the type p- p~!). Now,
since the loops are piecewise analytic, any two which overlap do so either
on a finite number of finite intervals and/or intersect in a finite number
of points. Ignore the isolated intersection points and mark the end points
of all the overlapping intervals (including the end points of self-overlaps of
a loop). Let us call these marked points vertices. Next, divide each loop
«; into paths which join consecutive vertices. Thus, each of these paths
is piecewise analytic, is part of at least one of the loops ag,...,ax, and
has a nonzero (parameter) measure along any loop to which it belongs.
Two distinct paths intersect at a finite set of points. Let us call these
(oriented) paths edges. Denote by n the number of edges that result. The
edges and vertices form a (piecewise analytically embedded) graph. By
construction, each loop in the list is contained in the graph and, ignoring
parametrization, can be expressed as a composition of a finite number of
its n edges. Finally, this decomposition is ‘minimal’ in the sense that,
if the initial set aq,...,ax of loops is extended to include p additional
loops, a1, .., Qk+p, each edge in the original decomposition of & loops
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is expressible as a product of the edges which feature in the decomposition
of the k + p loops.

The next step is to convert this edge decomposition of loops into a
decomposition in terms of elementary loops. This is easy to achieve. Con-
nect each vertex v to the basepoint z° by an oriented, piecewise analytic
curve ¢(v) such that these curves overlap with any edge e; at most at a
finite number of isolated points. Consider the closed curves 3;, starting
and ending at the basepoint x°,

Bi = qvf) oeio(q(v;)) (3.2)

where vii are the end points of the edge e;, and denote by S the set of these
n loops. Loops f; are not unique because of the freedom in choosing the
curves ¢(v). However, we will show that they provide us with the required
set of independent loops associated with the given set {aq, ..., ax}.

Let us first note that the decomposition satisfies certain conditions
which follow immediately from the properties of the segments noted above:

1. &S is a finite set and every §; € S is a non-trivial loop in the sense
that the hoop §; it defines is not the identity element of HG;

2. every loop f; contains an open interval which is traversed exactly
once and no finite segment of which is shared by any other loop in S;

3. every hoop aj,...,Q; in our initial set can be expressed as a finite
composition of hoops defined by elements of S and their inverses

(where a loop f; and its inverse [3; ! may occur more than once);

and,

4. if the initial set a, ..., ay of loops is extended to include p additional
loops, akt1,-..,Qkt+p, and if S’ is the set of n’ loops Bi,..., 05,
corresponding to s, ..., Qp, such that the paths ¢/(v') agree with

the paths ¢(v) whenever v = v, then each hoop f3; is a finite product
of the hoops ;.

These properties will play an important role throughout the paper. For
the moment we only note that we have achieved our goal: the property 2
above ensures that the set {f1, ..., 8.} of loops is independent in the sense
we specified in the point 2 (just below eqn (3.1)) and that 3 above implies
that the hoop group generated by aq, . .., aj is contained in the hoop group
generated by 1, ..., Bn, i.e. that our decomposition satisfies (3.1).

We will conclude this subsection by showing that the independence

of hoops {51, cee Bn} has an interesting consequence which will be used
repeatedly:
Lemma 3.1 For every (g1,...,9,) € [SU(2)]", there exists a connection

Ay € A such that
H(f;, Ao) =gi Vi=1,...,n. (3.3)
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Proof Fix a sequence of elements (g1,...,g,) of SU(2), i.e. a point in
[SU(2)]". Next, for each loop 3;, pick an Abelian connection Af, = af,w’
where a'(i) is a real-valued 1-form on ¥ and w’ a fixed element of the Lie
algebra of SU(2). Let furthermore the support of a’(i) intersect the ith
segment s; in a finite interval, and, if j # ¢, intersect the jth segment s;
only on a set of measure zero (as measured along any loop «;, containing
that segment). Finally, let us suppose that the connection is ‘generic’ in the
sense that the holonomy that the holonomy H (f3;, A(;)) is not the identity
element of SU(2). Then, it is of the form:

H(B;, Alyy) = expw, w € su(2), w#0
with w a multiple of w’. Now, consider a connection
Aw =tg - Al -9, geSUQ2), teR

Then, we have
H(B;, Agy) = expt(g~wg).

Hence, by choosing g and ¢ appropriately, we can make H (/3;, A¢;)) coincide
with any element of SU(2), in particular g;. Because of the independence
of the loops ; noted above, we can choose connections A;) independently
for every ;. Then, the connection

Ap = A(l) + -+ A(n) (3.4)
satisfies (3.3). O
We conclude this subsection with two remarks.

1. The result (3.3) we just proved can be taken as a statement of the
independence of the (SU(2))-hoops Bi,.. ., 3n; it captures the idea
that the loops 31, ..., 8, we constructed above are holonomically in-
dependent as far as SU(2) connections are concerned. This notion
of independence is, however, weaker than the one contained in the
statement 2 above. Indeed, that notion does not refer to connections
at all and is therefore not tied to any specific gauge group. More
precisely, we have the following. We just showed that if loops are
independent in the sense of 2, they are necessarily independent in the
sense of (3.3). The converse is not true. Let o and « be two loops in
Lo which do not share any point other than z° and which have no
self-intersections or self-overlaps. Set 61 = a and B2 = «-~y. Then, it
is easy to check that f3;, i = 1,2 are independent in the sense of (3.3)
although they are obviously not independent in the sense of 2. Simi-
larly, given a, we can set 3 = a?. Then, {3} is independent in the
sense of (3.3) (since the square root is well defined in SU(2)) but
not in the sense of 2. From now on, we will say that loops satisfying
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2 are independent and those satisfying (3.3) are weakly independent.
This definition extends naturally to hoops. Although we will not
need them explicitly, it is instructive to spell out some algebraic con-
sequences of these two notions. Algebraically, weak independence of
hoops Bl ensures that Bl freely generate a subgroup of HG. On the
other hand, if 3; are independent, then every homomorphism from
Hg(ﬁl, e ,Bn) to any group G can be extended to every finitely
generated subgroup of HG which contains HG (51, ey Bn) Weak in-
dependence will suffice for all considerations in this section. However,
to ensure that the measure introduced in Section 4 is well defined,
we will need hoops which are independent.

2. The availability of the loop decomposition sheds considerable light
on the hoop equivalence: one can show that two loops in L£,0 define
the same (SU(2))-hoop if and only if they differ by a combination of
reparametrization and (immediate) retracings. This second charac-
terization is useful because it involves only the loops; no mention is
made of connections and holonomies. This characterization continues
to hold if the gauge group is replaced by SU(N) or indeed any group
which has the property that, for every non-negative integer n, the
group contains a subgroup which is freely generated by n elements.

3.2 Characterization of A/G

We will now use the availability of this hoop decomposition to obtain a
complete characterization of all elements of the spectrum A4/G.

The characterization is based on results due to Giles [10]. Recall first
that elements of the Gel’fand spectrum A/G are in 1-1 correspondence with
(multiplicative, x-preserving) homomorphisms from H.A to the %-algebra of
complex numbers. Thus, in particular, every A € A—/g acts on Ty € HA
and hence on any hoop & to produce a complex number A(&). Now, using
certain constructions due to Giles, A-T [2] were able to show that:

Lemma 3.2 Every element A of A/G defines a homomorphism fIA from
the hoop group HG to SU(2) such that, V& € HG,

A@) =1 Tr Hy(@). (3.5a)

They also exhibited the homomorphism explicitly. (Here, we have para-
phrased the A-I result somewhat because they did not use the notion of
hoops. However, the step involved is completely straightforward.)

Our aim now is to establish the converse of this result. Let us make a
small digression to illustrate why the converse cannot be entirely straight-
forward. Given a homomorphism H from HG to SU (2) we can simply

define A via A(&) = $Tr H(&). The question is whether this A can qualify
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as an element of the spectrum. From the definition, it is clear that

[A@)] < |Tal = sup |Ta(A) (3.6a)
A€A/G

for all hoops &. On the other hand, to qualify as an element of the spectrum
A/G, the homomorphism A must be continuous, i.e. should satisfy

AN < II£1 (3.6b)

for every f (= Y ai[du]x) € HA. Since, a priori, (3.6b) appears to be a
stronger requirement than (3.6a), one would expect that there are more
homomorphisms H from the hoop group HG to S U(2) than the H i, which
arise from elements of .4/G. That is, one might expect that the converse of
the A-TI result would not be true. It turns out, however, that if the holon-
omy algebra is constructed from piecewise analytic loops, the apparently
weaker condition (3.6a) is in fact equivalent to (3.6b), and the converse
does hold. Whether it would continue to hold if one used piecewise smooth
loops—as was the case in the A-T analysis—is not clear (see Appendix A).

We begin our detailed analysis with an immediate application of Lemma
3.1:

Lemma 3.3 For every homomorphism H from HG to SU(2), and every
finite set of hoops {&1,...,ax}, there exists an SU(2) connection Ay such
that for every &; in the set,

H(a;) = H(ay, Ag), (3.7)

where, as before, H(w;, Ag) is the holonomy of the connection Ay around
any loop a in the hoop class a.

Proof Let (01,...,08,) be, as in Section 3.1, a set of independent loops
corresponding to the given set of hoops. Denote by (g1, ..., ¢gn) the image
of (51, ceey Bn) under H. Use the construction of Section 3.1 to obtain a
connection Ag such that g; = H (@,AO) for all ¢. It then follows (from
the definition of the hoop group) that for any hoop 4 in the subgroup
HG(B1, ..., Bn) generated by Bi, ..., 3n, we have H(3) = H(%, Ap). Since
each of the given &; belongs to Hg(ﬁl, .. .,Bn), we have, in particular,
(3.7). O

~ We now use this lemma to prove the main result. Recall that each
A € A/G is a homomorphism from H.A to complex numbers and as before
denote by A(&) the number assigned to T € HA by A. Then, we have:

Lemma 3.4 Given a homomorphism H from the hoop group HG to SU(2)
there exists an element Ay of the spectrum A/G such that

Ag(a) = 1Tr H(a). (3.5b)

Two homomorphisms H and H' define the same element of the spectrum
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if and only if H'(&) = g~ ' - H(&)-g, V& € HG, for some (a-independent)
g in SU(2).

Proof The idea is to define the required flﬁ using (3.5b), i.e. to show
that the right side of (3.5b) provides a homomorphism from H.A to the
*-algebra of complex numbers. Let us begin with the free complex vector
space F'HG over the hoop group HG and define on it a complex-valued
function h as follows: h(}> a;d;) == 1> a; Tr H(d;). We will first show
that h passes through the K-equivalence relation of A-I (noted in Section
2) and is therefore a well-defined complex-valued function on the holonomy
x-algebra HA = FHG/K. Note first that Lemma 3.3 immediately implies
that, given a finite set of hoops, {a1, ..., &}, there exists a connection Ag
such that

k
’h(Z ;)

Therefore, we have

= ’i aiT&i(/io)’ < sup ’i a’dei(A)" (3.8)

AcA/G i

k k
N aiTs(A)=0VAc A/G = h(z aidi) ~0.
i=1 i=1

Since the left side of this implication defines the K-equivalence, it follows
that the function h on FHG has a well-defined projection to the holonomy
*-algebra HA. That h is linear is obvious from its definition. That it
respects the x-operation and is a multiplicative homomorphism follows from
the definitions (2.8) of these operations on H.A (and the definition of the
hoop group HG). Finally, the continuity of this funtion on H.A4 is obvious
from (3.8). Hence h extends uniquely to a homomorphism from the C*-
algebra H.A to the x-algebra of complex numbers, i.e. defines a unique
element A, via A (B) = h(B), VB € HA.

Next, suppose H, and H, give rise to the same element of the spectrum.
In particular, then, Tr H; (@) = Tr ﬁg(d) for all hoops. Now, there is a
general result: given two homomorphisms H; and H, from a group G to
SU(2) such that Tr H,(g) = Tr Ha(g), Vg € G, there exists go € SU(2)
such that H, (g) = 90_1 - H,y (g) - go, where go is independent of g. Using the
hoop group HG for G, we obtain the desired uniqueness result. O

To summarize, by combining the results of the three lemmas, we obtain
the following characterization of the points of the Gel’fand spectrum of the
holonomy C*-algebra:

Theorem 3.5 FEvery point A of A/G gives rise to a homomorphism H
from the hoop group HG to SU(2) and every homomorphism H defines a
point of A/G, such that A(&) = § Tr H(a&). This is a 1-1 correspondence

modulo the trivial ambiguity that homomorphisms H and g ! ‘H- g define
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the same point of A/G.
We conclude this subsection with some remarks:

1. Tt is striking that Theorem 3.5 does not require the homomorphism
H to be continuous; indeed, no reference is made to the topology of
the hoop group anywhere. This purely algebraic characterization of
the elements of .4/G makes it convenient to use it in practice.

2. Note that the homomorphism H determines an element of A/G and
not of A/G; /_11:[ is not, in general, a smooth (gauge-equivalent) con-
nection. Nonetheless, as Lemma 3.3 tells us, it can be approximated
by smooth connections in the sense that, given any finite number of
hoops, one can construct a smooth connection which is indistinguish-
able from A i as far as these hoops are concerned. (This is stronger
than the statement that A/G is dense in A/G.) Necessary and suffi-
cient conditions for H to arise from a smooth connection were given
by Barrett [11] (see also [7]).

3. There are several folk theorems in the literature to the effect that
given a function on the loop space L o0 satisfying certain conditions,
one can reconstruct a connection (modulo gauge) such that the given
function is the trace of the holonomy of that connection. (For a
summary and references, see, e.g., [4].) Results obtained in this sub-
section have a similar flavor. However, there is a key difference: our
main result shows the existence of a generalized connection (mod-
ulo gauge), i.e. an element of A/G rather than a regular connection
in A/G. A generalized connection can also be given a geometrical
meaning in terms of parallel transport, but in a generalized bundle
[7].

3.3 Examples of A

Fix a connection A € A. Then, the holonomy H(«, A) defines a ho-
momorphism Hy : HG— SU(2). A gauge-equivalent connection, A’ =
g ' Ag + g~ 'dg, gives rise to the homomorphism Hy = g~ (z°)H 4 g(z°).
Therefore, by Theorem 3.5, A and A’ define the same element of the
Gel'fand spectrum; A/G is naturally embedded in A/G. Furthermore,
Lemma 3.3 now implies that the embedding is in fact dense. This provides
an alternative proof of the A-I and Rendall® results quoted in Section 1.
Had the gauge group been different and/or had 3 a dimension greater than
3, there would exist non-trivial G-principal bundles over ¥. In this case,
even if we begin with a specific bundle in our construction of the holon-
omy C*-algebra, connections on all possible bundles belong to the Gel’fand
spectrum (see Appendix B). This is one illustration of the non-triviality of

6Note, however, that while this proof is tailored to the holonomy C*-algebra HA,
Rendall’s [5] proof is applicable in more general contexts.



38 Abhay Ashtekar and Jerzy Lewandowski

the completion procedure leading from A/G to A/G.

In this subsection, we will illustrate another facet of this non-triviality:
we will give examples of elements of .4/G which do not arise from A/G.
These are the generalized gauge-equivalent connections A which have a
‘distributional character’ in the sense that their support is restricted to
sets of measure zero in X.

Recall first that the holonomy of the zero connection around any hoop is
identity. Hence, the homomorphism Hy from HG to SU(2) it defines sends
every hoop & to the identity element e of SU(2) and the multiplicative
homomorphism it defines from the C*-algebra H.A to complex numbers
sends each T; to 1 (= (1/2)Tr e). We now use this information to introduce
the notion of the support of a generalized connection. We will say that
A € A/G has support on a subset S of ¥ if for every hoop & which has at
least one representative loop o which fails to pass through S, we have: (i)

H j(&) = e, the identity element of SU(2); or, equivalently, (ii) A([¢]x) =
1. (In (ii), A is regarded as a homomorphism of x-algebras. While H 4 has
an ambiguity, noted in Theorem 3.5, conditions (i) and (ii) are insensitive
to it.)

We are now ready to give the simplest example of a generalized connec-
tion A which has support at a single point 2 € . Note first that, owing to
piecewise analyticity, if & € L 0 passes through x, it does so only a finite
number of times, say N. Let us denote the incoming and outgoing tan-
gent directions to the curve at its jth passage through x by (’Uj_, U;') The
generalized connections we want to define now will depend only on these
tangent directions at x. Let ¢ be a (not necessarily continuous) mapping
from the 2-sphere S? of directions in the tangent space at x to SU(2). Set

®; = p(—v; ) o(v)),

so that, if at the jth passage, a arrives at x and then simply returns by
retracing its path in a neighborhood of z, we have ®; = e, the identity
clement of SU(2). Now, define Hy : HG— SU(2) via

Aoy e if a ¢ HG .,
Hy () = {@N ... ®, otherwise, (3.9)

where HG, is the space of hoops every loop in which passes through =x.
For each choice of ¢, the mapping I;T¢ is well defined, i.e. is independent of
the choice of the loop « in the hoop class & used in its construction. (In
particular, we used tangent directions rather than vectors to ensure this.)
It defines a homomorphism from HG to SU(2) which is non-trivial only on
‘HG ., and hence a generalized connection with support at . Furthermore,
one can verify that (3.9) is the most general element of A/G which has
support at  and depends only on the tangent vectors at that point. Using
analyticity of the loops, we can similarly construct elements which depend
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on the higher-order behavior of loops at x. (There is no generalized con-
nection with support at x which depends only on the zeroth-order behavior
of the curve, i.e. only on whether the curve passes through x or not.)

One can proceed in an analogous manner to produce generalized con-
nections which have support on 1- or 2-dimensional submanifolds of ¥. We
conclude with an example. Fix a 2-dimensional, oriented, analytic sub-
manifold M of ¥ and an element g of SU(2), (¢ # e). Denote by HG
the subset of HG consisting of hoops, each loop of which intersects M
(non-tangentially, i.e. such that at least one of the incoming or the outgo-
ing tangent direction to the curve is transverse to M). As before, owing to
analyticity, any a € L,0 can intersect M only a finite number of times. De-
note as before the incoming and the outgoing tangent directions at the jth
intersection by v;” and U;-' respectively. Let e(aj[) equal 1 if the orientation

of (vjj-[, M) coincides with the orientation of ¥; —1 if the two orientations

are opposite; and 0 if vj[ is tangential to M. Define ﬁ(g)M) : HG— SU(2)
via
- - e, if a ¢ HG
Hgan (@) := {gem;) g g(@l) . gD otherwise,
(3.10)
where ¢° = e, the identity element of SU(2). Again, one can check that
(3.10) is a well-defined homomorphism from HG to SU(2), which is non-
trivial only on HGp; and therefore defines a generalized connection with
support on M. One can construct more sophisticated examples in which
the homomorphism is sensitive to the higher-order behavior of the loop at
the points of intersection and/or the fixed SU(2) element g is replaced by
g(x): M — SU(2).

4 Integration on A/G

In this section we shall develop a general strategy to perform integrals on
A—/g and introduce a natural, faithful, diffeomorphism-invariant measure
on this space. The existence of this measure provides considerable confi-
dence in the ideas involving the loop transform and the loop representation
introduced in [3, 4].

The basic strategy is to carry out an appropriate generalization of the
theory of cylindrical measures [12, 13] on topological vector spaces’. The
key idea in our approach is to replace the standard linear duality on vector
spaces by the duality between connections and loops. In the first part of

"This idea was developed also by Baez [6] using, however, an approach which is
somewhat different from the one presented here. Chronologically, the authors of this
paper first found the faithful measure introduced in this section and reported this result
in the first draft of this paper. Subsequently, Baez and the authors independently
realized that the theory of cylindrical measures provides the appropriate conceptual
setting for this discussion.
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this section, we will define cylindrical functions, and in the second part, we
will present a natural cylindrical measure.

4.1 Cylindrical functions

Let us begin by recalling the situation in the linear case. Let V' denote
a topological vector space and V* its dual. Given a finite-dimensional
subspace S* of V*, we can define an equivalence relation on V: vy ~ vy if
and only if (v1, s*) = (ve, s*) for all v1,ve € V and s* € S*, where (v, s*) is
the action of s* € S* on v € V. Denote the quotient V/~ by S. Clearly, S
is a finite-dimensional vector space and we have a natural projection map
w(S*) : V- S. A function f on V is said to be cylindrical if it is a pullback
via 7(S*) to V of a function f on S, for some choice of S*. These are the
functions we will be able to integrate. Equip each finite-dimensional vector
space S with a measure dfi and set

/V i f = /S api J. (4.1)

For this definition to be meaningful, however, the set of measures dji that
we chose on vector spaces S must satisfy certain compatibility conditions.
Thus, if a function f on V' is expressible as a pullback via 7(S¥) of functions

fj on S;, for j = 1,2, say, we must have

/Sl djiy fi = /52 djiz fa- (4.2)

Such compatible measures do exist. Perhaps the most familiar example is
the (normalized) Gaussian measure.

We want to extend these ideas, using A—/g in place of V. An immediate
problem is that A/G is a genuinely non-linear space whence there is no
obvious analog of V* and S* which are central to the above construction
of cylindrical measures. The idea is to use the results of Section 3 to find
suitable substitutes for these spaces. The appropriate choices turn out to
be the following: we will let the hoop group HG play the role of V* and its
subgroups, generated by a finite number of independent hoops, the role of
S*. (Recall that S* is generated by a finite number of linearly independent
basis vectors.)

More precisely, we proceed as follows. From Theorem 3.5, we know
that each A in A/G is completely characterized by the homomorphism H i
from the hoop group HG to SU(2), which is unique up to the freedom
Hi — 9o *H 3z go for some gg € SU(2). Now suppose we are given n
independent loops, fB1,...,08,. Denote by S&* the subgroup of the hoop
group HG they generate. Using this &*, let us introduce the following
equivalence relation on A/G: Ay ~ Ay iff I;TAI(:y) = go_lﬁg2 (%) go for all
4 € 8§ and some (hoop-independent) go € SU(2). Denote by 7(S*) the
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projection from A/G onto the quotient space [A/G]/ ~. The idea is to
consider functions f on .A4/G which are pullbacks under 7(S8*) of functions
f on [A/G]/ ~ and define the integral of f on A/G to be equal to the
integral of f on [A/G]/ ~. However, for this strategy to work, [A/G]/ ~
should have a simple structure that one can control. Fortunately, this is
the case:

Lemma 4.1 Let S* be a subgroup of the hoop group which is generated
by a finite number of independent hoops. Then,
(a) There is a natural bijection

[A/G]/~ — Hom(S*,SU(2))/Ad

(b) For each choice of independent generators {f1,...,0n} of S*, there is
a bijection

[A/G]/~ — [SU(2)]"/Ad

(c) Given 8* as in (a), the topology induced on [A/G)/~ from [SU(2)]"/Ad
according to (b) is independent of the choice of free generators of S*.

Proof By definition of the equivalence relation ~, every {A} in [A/G]/~
is in 1-1 correspondence with the restriction to S* of an equivalence class
{H 3} of homomorphisms from the full hoop group HG to SU(2). Now,
it follows from Lemma 3.3 that every homomorphism from S* to SU(2)
extends to a homomorphism from the full hoop group to SU(2). There-
fore, there is a 1-1 correspondence between equivalence classes {A} and
equivalence classes of homomorphisms from S* to SU(2) (where, as usual,
two are equivalent if they differ by the adjoint action of SU(2)).

The statement (b) follows automatically from (a): the map in (b) is
given by the values taken by an element of Hom(S*, SU(2)) on the chosen
generators. The proof of (c¢) is a simple exercise. O

Some remarks about this result are in order:

1. Although we began with independent loops {f1,..., 3}, the equiv-
alence relation we introduced makes direct reference only to the sub-
group S* of the hoop group they generate. This is similar to the
situation in the linear case where one may begin with a set of linearly
independent elements s7,...,s; of V*, let them generate a subspace
S* and then introduce the equivalence relation on S using S* directly.

2. However, a specific basis is often used in subsequent constructions. In
particular, cylindrical measures are generally introduced as follows.
One fixes a basis in S*, uses it to define an isomorphism between
S = V/ ~ and R", introduces a measure on R" for each n and
uses the isomorphism to define measures dp on spaces S. These, in
turn, define a cylindrical measure du on V through (4.1). However,
since S* admits other bases, at the end one must make sure that
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the final measure du on V is well-defined, i.e., is insensitive to the
specific choice of basis made in its definition. In the case now under
consideration, we will follow a similar strategy. As we just showed in
Lemma 4.1, given a set of independent loops which generate S*, we
can identify [A/G]/ ~ with [SU(2)]"/Ad. Therefore, we can define
a cylindrical measure on A—/g by first choosing suitable measures on
[SU(2)]™/Ad for each n, using the isomorphism to define measures on
[A/G]/ ~ and showing finally that the final integrals are insensitive

to the initial choices of generators of S*.

3. The equivalence relation ~ of Lemma 4.1 says that two generalized
connections are equivalent if their actions on the group &*, generated
by a finite number of independent loops, are indistinguishable. It
follows from Lemma 3.3 that each equivalence class {A} contains a
regular connection A. Finally, if A and A’ are two regular connections
whose pullbacks to all 3; are the same for ¢ = 1,...,n, then they
are equivalent (where f; is any loop in the hoop class Bl) Thus,
in effect, the projection 7(S*) maps the domain space A/G of the
continuum quantum theory to the domain space of a lattice gauge
theory where the lattice is formed by the n loops f31,...,08,. The
initial choice of the independent hoops is, however, arbitrary and it is
this arbitrariness that is responsible for the richness of the continuum
theory.

We can now define cylindrical functions on A—/g Let &* be a subgroup
of the hoop group which is generated by a finite number of independent
loops. Let us set

Bs« = Hom(S*,SU(2))/Ad

Using Lemma 4.1 we shall regard 7(S*) as a projection map from A—/Q
onto Bs+ and parametrize Bg» by [SU(2)]"/Ad. For the topology on Bs-
we will use the one defined by its identification with [SU(2)]"/Ad. By a
cylindrical function f on A/G, we shall mean the pullback to A—/Q under
m(8*) of a continuous function f on Bss, for some subgroup S8* of the hoop
group which is generated by a finite number of independent loops. These
are the functions we want to integrate. Let us note an elementary property
of cylindrical functions which will be used repeatedly. Let S* and S*' be
two finitely generated subgroups of the hoop group and such that §*' C S*.
Then, it is easy to check that if a function f on .A4/G is cylindrical with
respect to S*', it is also cylindrical with respect to S*. Furthermore, there
is now a natural projection from Bg« onto Bs.s (given by the projection
Hom(S*, SU(2)) — Hom(S*', SU(2))) and f is the pullback of f’ via this
projection.

In the remainder of this subsection, we will analyse the structure of the
space C of cylindrical functions. First we have:
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Lemma 4.2 C has the structure of a normed *—algebra with respect to the
operations of taking linear combinations, multiplication, complex conjuga-
tion and sup norm of cylindrical functions.

Proof It is clear by definition of C that if f € C, then any complex multiple
Af as well as the complex conjugate f also belongs to C. Next, given two
elements, f; with ¢ = 1,2, of C, we will show that their sum and their
product also belong to C. Let S} be finitely generated subgroups of the hoop
group HG such that f; are the pullbacks to A—/g of continuous functions
f; on Bs:. Consider the sets of ny and ny independent hoops generating
respectively S7 and S3. While the first n; and the last ns hoops are
independent, there may be relations between hoops belonging to the first
set and those belonging to the second. Using the technique of Section 3.1,
find the set of independent hoops, say, Bl, ceey Bn which generate the given
n1 + ns hoops and denote by S* the subgroup of the hoop group generated
by Bi,...,Bn. Then, since S C §*, it follows that f; are cylindrical also
with respect to S*. Therefore, f1 + fo and f; - fo are also cylindrical with
respect to S*. Thus C has the structure of a x-algebra. Finally, since
Bs+ (being homeomorphic to [SU(2)]"/Ad) is compact for any S*, and
since elements of C are pullbacks to .A/G of continuous functions on Bs«,
it follows that the cylindrical functions are bounded. We can therefore use
the sup norm to endow C with the structure of a normed x-algebra. O

We will use the sup norm to complete C and obtain a C*-algebra C. A
natural class of functions one would like to integrate on A/G is given by
the (Gel'fand transforms of the) traces of holonomies. The question then
is if these functions are contained in C. Not only is the answer affirmative,
but in fact the traces of holonomies generate all of C. More precisely, we
have:

Theorem 4.3 The C*-algebra C is isomorphic to the C*-algebra HA.

Proof Let us begin by showing that HA is embedded in C. Given an
element F with F(A) = Y a;T,(A) of HA, its Gel'fand transform is a
function f on the spectrum A/G, given by f(A) = > a;A(&;). Consider
the set of hoops @1, ..., &, that feature in the sum, decompose them into
independent hoops B, ..., [, as in Section 3.1, and denote by &* the sub-
group of the hoop group they generate. Then, it is clear that the function
f is the pullback via 7(S*) of a continuous function f on Bs.. Hence we
have f € C. Since the norms of F in HA and f in C are given by

|F|| = sup |[F(A)] and |f|= sup [|f(A)],
AcA AcA/G

since the restriction of f to A/G coincides with F, and since A/G is em-
bedded densely in A/G, it is clear that the map from F to f is isometric.
Finally, since H.A is obtained by a C*-completion of the space of functions
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of the form F, we have the result that H.A is embedded in the C*-algebra
C.

Next, we will show that there is also an inclusion in the opposite di-
rection. We first note a fact about SU(2). Fix n elements (g1,...,9n)
of SU(2). Then, from the knowledge of traces (in the fundamental rep-
resentation) of all elements which belong to the group generated by these
gi,t = 1,...,n, we can reconstruct (gi,...,gn) modulo an adjoint map.
It therefore follows that the space of functions f on Bs+ (considered as
a copy of [SU(2)]"/Ad) which come from the functions F' on H.A (using
all the hoops &; € S*) suffice to separate points of Bs«. Since this space
is compact, it follows (from the Weierstrass theorem) that the C*-algebra
generated by these projected functions is the entire C*-algebra of contin-
uous functions on Bs«. Now, suppose we are given a cylindrical function
f" on A/G. Its projection under the appropriate 7(S*) is, by the preceed-
ing result, contained in the projection of some element of H.A. Thus, C is
contained in H.A.

Combining the two results, we have the desired result: the C*-algebras
‘HA and C are isomorphic. O

Remark Theorem 4.3 suggests that from the very beginning we could
have introduced the C*-algebra C in place of H.A. This is indeed the case.
More precisely, we could have proceeded as follows. Begin with the space
A/G, and introduce the notion of hoops and hoop decomposition in terms of
independent hoops. Then given a subgroup &* of HG generated by a finite
number of independent hoops, we could have introduced an equivalence
relation on .A/G (not A/G which we do not yet have!) as follows: A; ~ Ay
iff H(7, A1) =g '*H(7,As)g for all ¥ € S* and some (hoop independent)
g € SU(2). Tt is then again true (due to Lemma 3.3) that the quotient
[A/G]/ ~ is isomorphic to Bs~. (This is true inspite of the fact that we
are using A/G rather than 4/G because, as remarked immediately after
Lemma 4.1, each {A} € [A/G]/ ~ contains a regular connection.) We
can therefore define cylindrical functions, but now on A/G (rather than
A/G) as the pullbacks of continuous functions on Bs+. These functions
have a natural C*-algebra structure. We can use it as the starting point
in place of the A—I holonomy algebra. While this strategy seems natural
at first from an analysis viewpoint, it has two drawbacks, both stemming
from the fact that the Wilson loops are now assigned a secondary role.
For physical applications, this is unsatisfactory since Wilson loops are the
basic observables of gauge theories. From a mathematical viewpoint, the
relation between knot/link invariants and measures on the spectrum of the
algebra would now be obscure. Nonetheless, it is good to keep in mind
that this alternate strategy is available as it may make other issues more
transparent.
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4.2 A natural measure

In this sub-—section, we will discuss the issue of integration of cylindrical
functions on A/G. Our main objective is to introduce a natural, faithful,
diffeomorphism invariant measure on A/G.

As mentioned in the remarks following Lemma 4.1, the idea is similar
to the one used in the case of topological vector spaces. Thus, for each
subgroup &* of the hoop group which is generated by a finite number of
independent hoops, we will equip the space Bs+ with a measure dus+ and,

as in (4.1), set
/_ du f ::/ dus+ f (4.3)
A/g BS*

where f is any cylindrical function compatible with S*. It is clear that
for the integral to be well-defined, the set of measures we choose on dif-
ferent Bs» should be compatible so that the analog of (4.2) holds. We will
now exhibit a natural choice for which the compatibility is automatically
satisfied.

Denote by du the normalized Haar measure on SU(2). It naturally in-
duces a measure on [SU(2)]™ which is invariant under the adjoint action of
SU(2) and therefore projects down unambiguously to a measure du(n) on
[SU(2)]"/Ad. Next, consider an arbitrary group &* which is generated by
n independent loops. Choose a set of independent generators {1, ..., O, }
and use the corresponding map [SU(2)]"/Ad — Bs+ to transport the mea-
sure du(n) to a measure dus« on Bs«. We will show that the measure
dus~ is insensitive to the specific choice of the generators of S* used in its
construction and that the resulting family of measures on the various Bg»
satisfies the appropriate compatibility conditions. We will then explore the
properties of the resulting cylindrical measure on A/G. Our construction
is natural since SU(2) comes equipped with the Haar measure. In partic-
ular, we have not introduced any additional structure on the underlying
3-manifold ¥ (on which the initial connections A are defined); hence the re-
sulting cylindrical measure will be automatically invariant under the action
of Diff (¥).

Theorem 4.4 a) Let f be a cylindrical function on A—/g with respect to
two subgroups Sf, i = 1,2, of the hoop group, each of which is generated
by a finite number of independent hoops. Fix a set of generators in each
subgroup and denote by dusx the corresponding measures on Bsx. Then, if

f; denote the projections of f to Bsx, we have:

I

In particular, if S§ = 83, the integral is independent of the choice of gen-
erators used in its definition.

dps; fi =/ dps; fo- (4.4)
B

* *
Sl 82
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b) The functional v: HA — C defined below extends to a linear, strictly
positive and Diff(3 )-invariant functional on HA:

oF) = [ dus (4.5)
A/G

where du is defined by (4.3) and where the cylindrical function f on A—/Q
is the Gel’fand transform of the element F of HA; and,

¢) The cylindrical ‘measure’ du defined by (4.3) is a genuine, reqular and
strictly positive measure on AJ/G. Furthermore, dfi is Diff(X) invariant.

Proof Fix n; independent hoops that generate S} and, as in the proof of
Theorem 4.3, use the construction of Section 3.1 to carry out the decompo-
sition of these n; +ns hoops in terms of independent hoops, say B, Bn.
Thus, the original n; + no hoops are contained in the group S* generated
by the B;. Clearly, SF C 8. Hence, the given f is cylindrical also with
respect to S*, i.e. is the pullback of a function f on Bss. We will now
establish (4.4) by showing that each of the two integrals in that equation
equals the analogous integral of f over Bgx.

Note first that, since the generators have been fixed, we can ignore the
distinction between Bs: and [SU(2)]"" /Ad and between Bs- and [SU(2)]"/
Ad. Tt will also be convenient to regard functions on [SU(2)]"/Ad as
functions on [SU(2)]™ which are invariant under the adjoint SU(2) ac-
tion. Thus, instead of carrying out integrals over Bsx and Bs- of functions
on these spaces, we can integrate the lifts of these functions to [SU(2)]™
and [SU(2)]™ respectively.

To deal with quantities with suffixes 1 and 2 simultaneously, for no-
tational simplicity we will let a prime stand for either the suffix 1 or 2.
Then, in particular, we have finitely generated subgroups S* and (S*)" of
the hoop group, with (S*)’ C §*, and a function f which is cylindrical with
respect to both of them. The generators of S* are 51, ceey Bn while those
of (8*) are f3;,...,0, (with n’ < n). From the construction of S* (Sec-
tion 3.1) it follows that every hoop in the second set can be expressed as a
composition of the hoops in the first set and their inverses. Furthermore,
since the hoops in each set are independent, the construction implies that
for each i’ € {1,...,n'}, there exists K (i) € {1,...,n} with the following
properties: (i) if ' # j', K(i') # K(j'); and, (ii) in the decomposition of
Bé/ in terms of unprimed hoops, the hoop BK(i/) (or its inverse) appears
exactly once and if i # j', the hoop BK(J-/) does not appear at all. For
simplicity, let us assume that the orientation of the primed hoops is such
that it is B (i) rather than its inverse that features in the decomposition
of 3. Next, let us denote by (g1, ...,9gn) a point of the quotient [SU(2)]™
which is projected to (g},...,g..) in [SU(2)]". Then g, is expressed in
terms of g; as gj, = ..gk(i").., where .. denotes a product of elements of the
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type gm where m # K(j) for any j. Since the given function f on A/G
is a pullback of a function f on [SU(2)]™ as well as of a function f’ on
[SU(2)]™, it follows that

flgrs--gn)=f'(dh,....q.) = f(. K1) I (n')-)-

Hence,

/dﬁl.../d/jn fg1,-- - gn) =

/ II dum(/dum - /duK o f (9K 1) ,-.-7..gz<<n/>--))

m#K(1)...K(n')

/ H dum /dMI /dﬂn 91,---agn))

m=n'+1

:/dﬂl"'/dﬂn’fl(gla"'vgn’)v

where, in the first step, we simply rearranged the order of integration, in
the second step we used the invariance property of the Haar measure and
simplified notation for dummy variables being integrated, and, in the third
step, we used the fact that, since the measure is normalized, the integral
of a constant produces just that constant®. This establishes the required
result (4.4).

Next, consider the ‘vacuum expectation value functional’ v on HA de-
fined by (4.5). The continuity and linearity of v follow directly from its
definition. That it is positive, i.e. satisfies v(F*F) > 0, is equally obvi-
ous. In fact, a stronger result holds: if F' # 0, then v(F*F) > 0 since
the value v(F*F) of v on F*F is obtained by integrating a non-negative
function (f)*f on [SU(2)]"/Ad with respect to a regular measure. Thus, v
is strictly positive. Since H.A is dense in HA it follows that the functional
extends to H.A by continuity.

To see that we have a regular measure on A—/g, recall first that the C*-
algebra of cylindrical functions is naturally isomorphic with the Gel’fand
transform of the C*-algebra H.A, which, in turn is the C*-algebra of all
continuous functions on the compact Hausdorff space .A/G. The ‘vacuum
expectation value function’ v is therefore a continuous linear functional
on the algebra of all continuous functions on A/G equipped with the L>
(i.e. sup) norm. Hence, by the Riesz—Markov theorem, it follows that

8In the simplest case, with n = 2 and n’ = 1, we would for example have f(gl,gg)
F'(g1-g2) = f'(g'). Then [du(gr) [ dp(g2)f(g1,92) = [ du(gr) [ dp(g2)f (g1 - g2) =
f du(g’)f(g’), where in the second step we have used the invariance and normalization
properties of the Haar measure.
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v(f) = [duf is in fact the integral of the continuous function f on A—/Q
with respect to a regular measure. This is just our cylindrical measure.
Finally, since our construction did not require the introduction of any
extra structure on ¥ (such as a metric or a volume element), it follows that
the functional v and the measure dy are Diff(¥) invariant. O

We will refer to du as the ‘induced Haar measure’ on A—/g ‘We now
explore some properties of this measure and of the resulting representation
of the holonomy C*-algebra H.A.

First, the representation of HA can be constructed as follows. The
Hilbert space is L?(A/G, du) and the elements F of H.A act by multiplica-
tion so that we have FW = f .U for all ¥ € L?(A/G,du), where f € C is
the Gel’fand transform of F'. This representation is cyclic and the function
Wy defined by Wo(A) = 1 on A/G is the ‘vacuum’ state. Every generator
T, of the holonomy C*-algebra is represented by a bounded, self-adjoint
operator on L?(A/G,du).

Second, it follows from the strictness of the positivity of the measure
that the resulting representation of the C*-algebra HA is faithful. To our
knowledge, this is the first faithful representation of the holonomy C*-
algebra that has been constructed explicitly. Finally, the diffeomorphism
group Diff(X) of ¥ has an induced action on the C*-algebra H.A and hence
also on its spectrum .4/G. Since the measure du on A—/g is invariant under
this action, the Hilbert space L?(A/G,du) carries a unitary representation
of Diff(¥). Under this action, the ‘vacuum state’ ¥q is left invariant.

Third, restricting the values of v to the generators Ts = [a]x of HA,
we obtain the generating functional I'(«) of this representation: I'(a) :=
J dpA(&). This functional on the loop space Lo is diffeomorphism invari-
ant since the measure dy is. It thus defined a generalized knot invariant.
We will see below that, unlike the standard invariants, I'(«) vanishes on
all smoothly embedded loops. Its action is non-trivial only when the loop
is retraced, i.e. only on generalized loops.

Let us conclude this section by indicating how one computes the integral
in practice. Fix a loop a € L0 and let

[a] = [Bu ] - [Bin]™ (4.6)

be the minimal decomposition of « into independent loops f31,..., 8, as
in Section 3.1, where ¢, € {—1,1} keeps track of the orientation and iy €
{1,...,n}. (We have used the double suffix i;, because any one independent
loop B1,...,0, can arise more than once in the decomposition. Thus,
N > n.) The loop a defines an element 7T} of the holonomy C*-algebra H.A
whose Gel'fand transform t4 is a function on A/G. This is the cylindrical
function we wish to integrate. Now, the projection map of Lemma 4.1
assigns to t5 the function #5 on [SU(2)]"/Ad given by
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Thus, to integrate t5 on A/G, we need to integrate this 5 on [SU(2)]™/Ad.
Now, there exist in the literature useful formulae for integrating polyno-
mials of the ‘matrix element functions’ over SU(2) (see, e.g., [14]). These
can be now used to evaluate the required integrals on [SU(2)]"/Ad. In
particular, one can readily show the following result:

/_d,u ta = O,
A/G

unless every loop B; is repeated an even number of times in the decompo-
sition (4.6) of a.

5 Discussion

In this paper, we completed the A-I program in several directions. First,
by exploiting the fact that the loops are piecewise analytic, we were able
to obtain a complete characterization of the Gel'fand spectrum A/G of
the holonomy C*-algebra H.A. A-T had shown that every element of .A/G
defines a homomorphism from the hoop group HG to SU(2). We found
that every homomorphism from HG to SU(2) defines an element of the
spectrum and two homomorphisms Hy and H, define the same element
of A/G only if they differ by an SU(2) automorphism, i.e. if and only if
Hy, = g~'-Hy - g for some g € SU(2). Since this characterization is rather
simple and purely algebraic, it is useful in practice. The second main result
also intertwines the structure of the hoop group with that of the Gel’fand
spectrum. Given a subgroup §* of HG generated by a finite number, say
n, of independent hoops, we were able to define a projection 7(S*) from
A/G to the compact space [SU(2)]"/Ad. This family of projections en-
ables us to define cylindrical functions on A/G: these are the pullbacks to
A/G of the continuous functions on [SU(2)]"/Ad. We analysed the space
C of these functions and found that its completion C has the structure of
a C*-algebra which, moreover, is naturally isomorphic with the C*-algebra
of all continuous functions on the compact Hausdorff space A/G and hence,
via the inverse Gel’fand transform, also to the holonomy C*-algebra H.4
with which we began. We then carried out a non-linear extension of the
theory of cylindrical measures to integrate these cylindrical functions on
A/G. Since C is the C*-algebra of all continuous functions on A/G, the
cylindrical measures in fact turn out to be regular measures on A—/Q Fi-
nally, we were able to introduce explicitly such a measure on .A/G which is
natural in the sense that it arises from the Haar measure on SU(2). The
resulting representation of the holonomy C*-algebra has several interesting
properties. In particular, the representation is faithful and diffeomorphism
invariant. Hence, its generating function I'—which sends loops « (based at
29) to real numbers I'(a)—defines a generalized knot invariant (generalized
because we have allowed loops to have kinks, self-intersections, and self-
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overlaps). These constructions show that the A-I program can be realized
in detail.

Having the induced Haar measure dyu on A—/g at one’s disposal, we
can now make the ideas on the loop transform 7 of [3, 4] rigorous. The
transform 7 sends states in the connection representation to states in the
so-called loop representation. In terms of machinery introduced in this
paper, a state ¥ in the connection representation is a square-integrable
function on A/G; thus ¥ € L?(A/G,du). The transform 7 sends it to a
function ¢ on the space HG of hoops. (Sometimes, it is convenient to lift ¢
canonically to the space L, 0 and regard it as a function on the loop space.
This is the origin of the term ‘loop representation’.) We have 7 o ¥ = ¢
with

(@) = /_du ()W (A) = (1, 1), (5.1)
A/G

where t5 (with t5(A) = A(@)) is the Gel’fand transform of the trace of
the holonomy function, T, on A/G, associated with the hoop &, and (-, -)
denotes the inner product on L?*(A/G,du). Thus, in the transform the
traces of holonomies play the role of the ‘integral kernel’. Elements of the
holonomy algebra have a natural action on the connection states ¥. Using
T, one can transform this action to the hoop states . It turns out that
the action is surprisingly simple and can be represented directly in terms of
elementary operations on the hoop space. Consider a generator Ty of H.A.
In the connection representation, we have (T5 o U)(A) = T5(A) - (A4). On
the hoop states, this action translates to

(5 09)(@) = 3 (w(@-7) + v(a-57) (52)
where & - 7 is the composition of hoops & and 7 in the hoop group. Thus,
one can forgo the connection representation and work directly in terms of
hoop states. We will show elsewhere that the transform also interacts well
with the ‘momentum operators’ which are associated with closed strips, i.e.
that these operators also have simple action on the hoop states.

The hoop states are especially well suited to deal with diffeomorphism
(i.e. Diff(¥)) invariant theories. In such theories, physical states are re-
quired to be invariant under Diff(X). This condition is awkward to impose
in the connection representation, and it is difficult to control the structure
of the space of resulting states. In the loop representation, by contrast,
the task is rather simple: physical states depend only on generalized knot
and link classes of loops. Because of this simplification and because the
action of the basic operators can be represented by simple operations on
hoops, the loop representation has proved to be a powerful tool in quantum
general relativity in 3 and 4 dimensions.

The use of this representation, however, raises several issues which are



Holonomy C*-algebras 51

still open. Perhaps the most basic of these is that, without referring back to
the connection representation, we do not yet have a useful characterization
of the hoop states which are images of connection states, i.e. of elements
of L2(A/G,du). Neither do we have an expression of the inner product be-
tween hoop states. It would be extremely interesting to develop integration
theory also over the hoop group HG and express the inner product between
hoop states directly in terms of such integrals, without any reference to the
connection representation. This may indeed be possible using again the
idea of cylindrical functions, but now on HG, rather than on A/G, and
exploiting, as before, the duality between these spaces. If this is achieved
and if the integrals over A/G and HG can be related, we would have a non-
linear generalization of the Plancherel theorem which establishes that the
Fourier transform is an isomorphism between two spaces of L?-functions.
The loop transform would then become an extremely powerful tool.

Appendix A: C' loops and U(1) connections

In the main body of the paper, we restricted ourselves to piecewise analytic
loops. This restriction was essential in Section 3.1 for our decomposition
of a given set of a finite number of loops into independent loops which in
turn is used in every major result contained in this paper. The restriction
is not as severe as it might first seem since every smooth 3-manifold admits
a unique analytic structure. Nonetheless, it is important to find out if
our arguments can be replaced by more sophisticated ones so that the
main results would continue to hold even if the holonomy C*-algebra were
constructed from piecewise smooth loops. In this appendix, we consider
U(1) connections (rather than SU(2)) and show that, in this theory, our
main results do continue to hold for piecewise C' loops. However, the new
arguments make a crucial use of the Abelian character of U(1) and do not
by themselves go over to non-Abelian theories. Nonetheless, this Abelian
example is an indication that analyticity may not be indispensible even in
the non-Abelian case.

The appendix is divided into three parts. The first is devoted to cer-
tain topological considerations which arise because 3-manifolds admit non-
trivial U(1)-bundles. The second proves the analog of the spectrum theo-
rem of Section 3. The third introduces a diffeomorphism-invariant measure
on the spectrum and discusses some of its properties. Throughout this ap-
pendix, by loops we shall mean continuous, piecewise C'! loops. We will use
the same notation as in the main text but now those symbols will refer to
the U(1) theory. Thus, for example, HG will denote the U(1)-hoop group
and H.A, the U(1) holonomy *-algebra.

A.1 Topological considerations

Fix a smooth 3-manifold ¥. Denote by A the space of all smooth U(1) con-
nections which belong to an appropriate Sobolev space. Now, unlike SU(2)
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bundles, U(1) bundles over 3-manifolds need not be trivial. The question
therefore arises as to whether we should allow arbitrary U(1) connections
or restrict ourselves only to the trivial bundle in the construction of the
holonomy C*-algebra. Fortunately, it turns out that both choices lead to
the same C*-algebra. This is the main result of this subsection.

Denote by AY the subspace of A consisting of connections on the trivial
U(1) bundle over ¥. As is common in the physics literature, we will identify
elements A° of A° with real-valued 1-forms. Thus, the holonomies defined
by any A° € A° will be denoted by H(c, A°) = exp(i § A°) = exp(if),
where 6 takes values in (0, 27) and depends on both the connection A° and
the loop a. We begin with the following result:

Lemma A.1 Given a finite number of loops, aq,...,ay, for every A € A
there exists A° € A° such that

H(a;, A) = H(ay, A%), Vie{l,...,n}.

Proof Suppose the connection A is defined on the bundle P. We will show
first that there exists a local section s of P which contains the given loops
«;. To construct the section we use a map ¢ : ¥ — S5 which generates the
bundle P(X,U(1)) (see Trautman [15]). The map ® carries each «; into a
loop ¢&; in S5. Since the loops ¢&; cannot form a dense set in S5, we may
remove from the 2-sphere an open ball B which does not intersect any of
&;. Now, since Sy — B is contractible, there exists a smooth section o of
the Hopf bundle U(1) — SU(2) — Ss,

o:(S2 —B)— SU(2).

Hence, there exists a section s of P(X,U(1)) defined on a subset V =
®~1(Sy — B) C ¥ which contains all the loops «;. Having obtained this
section s, we can now look for the connection A°. Let w be a globally
defined, real 1-form on ¥ such that w|V = s*A. Hence, the connection
AY := w defines on the given loops «a; the same holonomy elements as A;
ie.

H(ai,AO) = H(a;, A) (A1)
for all 7. O

This lemma has several useful implications. We mention two that will
be used immediately in what follows.

1. Definition of hoops: A priori, there are two equivalence relations on
the space L0 of based loops that one can introduce. One may say
that two loops are equivalent if the holonomies of all connections in
A around them are the same, or, one could ask that the holonomies
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be the same only for connections in A°. Lemma A.1 implies that the
two notions are in fact equivalent; there is only one hoop group HG.
As in the main text, we will denote by & the hoop to which a loop
a € L0 belongs.

2. Sup norm: Consider functions f on A defined by finite linear combi-
nations of holonomies on A around hoops in HG. (Since the holono-
mies themselves are complex numbers, the trace operation is now re-
dundant.) We can restrict these functions to A°. Lemma A.1 implies
that

sup [f(A)] = sup |f(A%)]. (A.2)
AeA AP A0

As a consequence of these implications, we can use either A or A° to
construct the holonomy C*-algebra; in spite of topological non-trivialities,
there is only one H.A. To construct this algebra we proceed as follows. Let
HA denote the complex vector space of functions f on A° of the form

f(A%) = i a;H(a, A%) = i a; exp(i% AO), (A.3)
j=1 j=1 o

where a; are complex numbers. Clearly, H.A has the structure of a *-
algebra with the product law H(a, A°) o H(3, A°) = H(c - 3, AY) and the
x-relation given by (H (o, A°))* = H(a~ 1, A?). Equip it with the sup norm
and take the completion. The result is the required C*-algebra H.A.

We conclude by noting another consequence of Lemma A.1: the
(Abelian) hoop group HG has no torsion. More precisely, we have the
following result:

Lemma A.2 Let & € HG. Then if (&)™ = e, the identity in HG, for
n € Z, then & =e.

Proof Since (&)™ = e, we have, for every A° € A°,

H(a, A%) = H(a", L A%) =1,
where « is any loop in the hoop @. Hence, by Lemma A.1, it follows that
a=e. O

Although the proof is more complicated, the analogous result holds also
in the SU(2) case treated in the main text. However, in that case, the hoop
group is non-Abelian. As we will see below, it is the Abelian character of
the U(1)-hoop group that makes the result of this lemma useful.

A.2 The Gel’fand spectrum of HA

We now want to obtain a complete characterization of the spectrum of the
U(1) holonomy C*-algebra H.A along the lines of Section 3. The analog of
Lemma 3.2 is easy to establish: every element A of the spectrum defines
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a homomorphism H ; from the hoop group HG to U(1) (now given simply
by Hz(&) = A(&)). This is not surprising. Indeed, it is clear from the
discussion in Section 3 that this lemma continues to hold for piecewise
smooth loops even in the full SU(2) theory. However, the situation is quite
different for Lemma 3.3 because there we made a crucial use of the fact
that the loops were (continuous and) piecewise analytic. Therefore, we
must now modify that argument suitably. An appropriate replacement is
contained in the following lemma.

Lemma A.3 For every homomorphism H from the hoop group HG to
U(1), every finite set of hoops {a1,...,ar}, and every € > 0, there exists
a connection A° € A° such that

|H (&) — H(oi, A%)| <€, Vie{l,... k}. (A.4)

Proof Consider the subgroup HG(ay,...,&,) C HG that is generated by
aq,...,ak. Since HG is Abelian and since it has no torsion, HG (&1, . . ., &x)
is finitely and freely generated by some elements, say Bl, ceey Bn Hence, if
(A.4) is satisfied by 3; for a sufficiently small ¢ then it will also be satisfied
by the given &; for the given e. Consequently, without loss of generality,
we can assume that the hoops «; are (weakly) U(1)-independent, i.e. that
they satisfy the following condition:

if (@) - (@n)* =e, then k; =0 Vi.

Now, given such hoops @;, the homomorphism H :HG — U(1) defines
apoint (H(&1),...,H(ax)) € [U(1)]*. On the other hand, there also exists
a map from A° to [U(1)]*, which can be expressed as a composition:

. 0 - 0
A0 5 A0 s (]( AO,...,]( AO) — (elfal“‘ T ) e [U)F.
' ’ (A.5)
The first map in (A.5) is linear and its image, V' C RF, is a vector space. Let

0#m= (my,...,mg) € Z*. Denote by Vi, the subspace of V orthogonal
to m. Now if V}, were to equal V' then we would have

(@)™ - (ag)™ =1,

which would contradict the assumption that the given set of hoops is in-
dependent. Hence we necessarily have Vy, < V. Furthermore, since a
countable union of subsets of measure zero has measure zero, it follows
that

U Vm < V.

meZk

This strict inequality implies that there exists a connection B? € A° such
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vi= (Y(MBO,...,]{%BO) c (V—mLeJZka).

In other words, B is such that every ratio v; /v; of two different components
of v is irrational. Thus, the line in A° defined by B° via A°(¢) = tBY is
carried by the map (A.5) into a line which is dense in [[U(1)]¥. This ensures
that there exists an AY on this line which has the required property (A.4).

O

that

Armed with this substitute of Lemma 3.3, it is straightforward to show
the analog of Lemma 3.4. Combining these results, we have the U(1)
spectrum theorem:

Theorem A.4 FEvery A in the spectrum of HA defines a homomorphism
H from the hoop group HG to U(1), and, conversely, every homomorphism
H defines an element A of the spectrum such that H(&) = A(&). This is a
1-1 correspondence.

A.3 A natural measure

Results presented in the previous subsection imply that one can again intro-
duce the notion of cylindrical functions and measures. In this subsection,
we will exhibit a natural measure. Rather than going through the same
constructions as in the main text, for the sake of diversity, we will adopt
here a complementary approach. We will present a (strictly) positive linear
functional on the holonomy C*-algebra H.A whose properties suffice to en-
sure the existence of a diffeomorphism-invariant, faithful, regular measure
on the spectrum of HA.

We know from the general theory outlined in Section 2 that, to specify
a positive linear functional on H.A, it suffices to provide an appropriate
generating functional T'[a] on L,0. Let us simply set

F(a):{l, ifa=ao (A.6)

0, otherwise,

where 0 is the identity hoop in HG. It is clear that this functional on £ o
is diffeomorphism invariant. Indeed, it is the simplest of such functionals
on L,0. We will now show that it does have all the properties to be a
generating function®.

Theorem A.5 T'(a) extends to a continuous positive linear function on the
holonomy C*-algebra HA. Furthermore, this function is strictly positive.

9Since this functional is so simple and natural, one might imagine using it to define a
positive linear functional also for the SU(2) holonomy algebra of the main text. However,
this strategy fails because of the SU(2) identities. For example, in the SU(2) holonomy
algebra we have T,,.5.5.o + Ta_ﬁ,a71_571 —Tq.8.a.5 = 1. Evaluation of the generating
functional (A.6) on this identity would lead to the contradiction 0 = 1. We can define a
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Proof By its definition, the loop functional I'(«) admits a well-defined
projection on the hoop space HG which we will denote again by I'. Let
FHG be the free vector space generated by the hoop group. Extend I' to
FHG by linearity. We will first establish that this extension satisfies the
following property: given a finite set of hoops &;,j = 1,...,n, such that,
if &; # &; if i # j, we have
F((Zajdj)*(Zajdj)) < sup (ZCLJ aJ,AO ) (Zaj (&, A )
j=1 j=1 AVEA? Ny

(A7)
To see this, note first that, by definition of T, the left side equals > |a;|?.
The right side equals (3° a; expif;)*(>_ a;j expif;) where 6; depend on A°
and the hoop &;. Now, by Lemma A.3, given the n hoops &;, one can
find an A° such that the angles 6; can be made as close as one wishes to a
pre-specified n-tuple 99. Finally, given the n complex numbers a;, one can
always find 69 such that Y |a;|* < [(3 a; expib)* (3 a;expif?)|. Hence
we have (A.7).

The inequality (A.7) implies that the functional T' has a well-defined
projection on the holonomy x-algebra H.A (which is obtained by taking
the quotient of FHG by the subspace K consisting of Y b;a&; such that
S b H (@, AY) = 0 for all AY € A%). Furthermore, the projection is positive
definite; T'(f*f) > 0 for all f € HA, equality holding only if f = 0. Next,
since the norm on this x-algebra is the sup norm on A%, it follows from
(A.7) that the functional I" is continuous on H.A. Hence it admits a unique
continuous extension to the C*-algebra H.A. Finally, (A.7) implies that the
functional continues to be strictly positive on H.A. O

Theorem A.5 implies that the generating functional I" provides a contin-
uous, faithful representation of H.A and hence a regular, strictly positive
measure on the Gel’fand spectrum of this algebra. It is not difficult to
verify by direct calculations that this is precisely the U(1) analog of the
induced Haar measure discussed in Section 4.

Appendix B: C% loops, U(N) and SU(N) connections
In this appendix, we will consider another extension of the results presented

in the main text. We will now work with analytic manifolds and piecewise
analytic loops as in the main text. However, we will let the manifold have

positive linear function on the SU(2) holonomy C*-algebra via
oy 1, ifTa(A)=1vAe A0
(e = {07 otherwise,

where we have regarded A° as a subspace of the space of SU(2) connections. However,
on the SU(2) holonomy algebra, this positive linear functional is not strictly positive:

the measure on A/G it defines is concentrated just on A°. Consequently, the resulting
representation of the SU(2) holonomy C*-algebra fails to be faithful.
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any dimension and let the gauge group G be either U(N) or SU(N). Con-
sequently, there are two types of complications: algebraic and topological.
The first arise because, for example, the products of traces of holonomies
can no longer be expressed as sums while the second arise because the
connections in question may be defined on non-trivial principal bundles.
Nonetheless, we will see that the main results of the paper continue to hold
in these cases as well. Several of the results also hold when the gauge group
is allowed to be any compact Lie group. However, for brevity of presen-
tation, we will refrain from making digressions to the general case. Also,
since most of the arguments are rather similar to those given in the main
text, details will be omitted.

Let us begin by fixing a principal fibre bundle P(X,G), obtain the
main results, and then show, at the end, that they are independent of
the initial choice of P(X,G). Definitions of the space L 0 of based loops,
and holonomy maps H(a, A), are the same as in Section 2. To keep the
notation simple, we will continue to use the same symbols as in the main
text to denote various spaces which, however, now refer to connections on
P(3,G). Thus, A will denote the space of (suitably regular) connections
on P(X,G), HG will denote the P(3, G)-hoop group, and H.A will be the
holonomy C*-algebra generated by (finite sums of finite products of) traces
of holonomies of connections in A around hoops in HG.

B.1 Holonomy C*-algebra

We will set T5(A) = +TrH(a, A), where the trace is taken in the fun-
damental representation of U(N) or SU(N), and regard T as a function
on A/G, the space of gauge-equivalent connections. The holonomy alge-
bra H.A is, by definition, generated by all finite linear combinations (with
complex coefficients) of finite products of the T5, with the x-relation given
by f* = f, where the ‘bar’ stands for complex conjugation. Being traces
of U(N) and SU(N) matrices, T are bounded functions on .4/G. We can
therefore introduce on H.A the sup norm

Il = sup |f(A)],
AcA

and take the completion of H.A to obtain a C*-algebra. We will denote it
by HA. This is the holonomy C*-algebra.

The key difference between the structure of this H.4 and the one we
constructed in Section 2 is the following. In Section 2, the x-algebra H.A
was obtained simply by imposing an equivalence relation (K, see eqn (2.7))
on the free vector space generated by the loop space £,0. This was possible
because, owing to SU(2) Mandelstam identities, products of any two Tz
could be expressed as a linear combination of Ty, (eqn (2.6)). For the groups
under consideration, the situation is more involved. Let us summarize the
situation in the slightly more general context of the group GL(N). In
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this case, the Mandelstam identities follow from the contraction of N + 1
matrices—H (a1, A), ..., H(an+1,A) in our case—with the identity
A G
[i1’ ?ViN 4]

where 5{ is the Kronecker delta and the bracket stands for the antisym-
metrization. They enable one to express products of N + 1 Ty functions
as a linear combination of traces of products of 1,2,..., N Tj functions.
Hence, we have to begin by considering the free algebra generated by the
hoop group and then impose on it all the suitable identities by extend-
ing the definition of the kernel (2.7). Consequently, if the gauge group is
GL(N), an element of the holonomy algebra H.A is expressible as an equiv-
alence class [ac, bag o, ..., ¢y1 - - YN], where a, b, ¢ are complex numbers;
products involving N + 1 and higher loops are redundant. (For subgroups
of GL(N)—such as SU(N)—further reductions arise.)

Finally, let us note identities that will be useful in what follows. These
result from the fact that the determinant of N x N matrix M can be
expressed in terms of traces of powers of that matrix, namely

det M = F(TrM,TrM?, ..., TrMY)

for a certain polynomial F'. Hence, if the gauge group G is U(N), we have,
for any hoop &,

F(Td,...7T&N)F(T&—l,...7T&—N) = 1. (Bla)
In the SU(N) case a stronger identity holds:
F(Ta,...,Tav) = 1. (B.1b)

B.2 Loop decomposition and the spectrum theorem

The construction of Section 3.1 for decomposition of a finite number of
loops into independent loops makes no direct reference to the gauge group
and therefore carries over as is. Also, it is still true that the map

A>A — (H(f1,A),...,H(B,, A) € G"

is onto if the loops §; are independent. (The proof requires some minor
modifications which consist of using local sections and a sufficiently large
number of generators of the gauge group.) A direct consequence is that
the analog of Lemma 3.3 continues to hold.

As for the Gel'fand spectrum, the A-I result that there is a natural
embedding of A/G into the spectrum A—/g of HA goes through as before
and so does the general argument due to Rendall [5] that the image of A/G
is dense in \A/G. (This is true for any group and representation for which
the traces of holonomies separate the points of A/G.) Finally, using the
analog of Lemma 3.3, it is straightforward to establish the analog of the
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main conclusion of Lemma 3.4.

The converse—the analog of Lemma 3.2—on the other hand requires
further analysis based on Giles’ results along the lines used by A-I in
the SU(2) case. For the gauge group under consideration, given an ele-
ment of the spectrum A—i.e. a continuous homomorphism from HA to
the %-algebra of complex numbers—Giles’ theorem [10] provides us with a
homomorphism H 4 from the hoop group HG to GL(N).

What we need to show is that H ; can be so chosen that it takes values
in the given gauge group GG. We can establish this by considering the

eigenvalues A1, ..., Ay of Hz(&). (After all, the characteristic polynomial
of the matrix H (&) is expressible directly by the values of A taken on
the hoops &, a2, ...,a".) First, we note from eqn (B.1a) that in particular

Ai # 0, for every 4. Thus far, we have used only the algebraic properties
of A. From continuity it follows that for every hoop &, TrH ;(&) < N.
Substituting for & its powers we conclude that

AT 4+ AR < N
for every integer k. This suffices to conclude that
Al = L.

With this result in hand, we can now use Giles’ analysis to conclude that
given A we can find H z; which takes values in U(N). If G is SU(N) then,
by the identity (B.1b), we have

detH; = 1,

so that the analog of Lemma 3.2 holds.

Combining these results, we have the spectrum theorem: every element
A of the spectrum A/G defines a homomorphism H from the hoop group
HG to the gauge group G, and, conversely, every homomorphism H from
the hoop group HG to G defines an element A of the spectrum A—/g such
that A(a) = %’I‘rfl(d) for all @ € HG. Two homomorphisms H, and H,

define the same element of the spectrum if and only if TrH, = TrH,.

B.3 Cylindrical functions and the induced Haar measure

Using the spectrum theorem, we can again associate with any subgroup
S* = HG(P1, ..., [Bn) generated by n independent hoops fi, ..., (., an
equivalence relation ~ on A/G: A; ~ Ay iff A1(§) = Aa(7) for all 7 € S*.
This relation provides us with a family of projections from A—/g onto
the compact manifolds G™/Ad (since, for groups under consideration, the
traces of all elements of a finitely generated subgroup in the fundamental
representation suffice to characterize the subgroup modulo an overall ad-
joint map). Therefore, as before, we can define cylindrical functions on .4/G
as the pullbacks to A/G of continuous functions on G"™/Ad. They again




60 Abhay Ashtekar and Jerzy Lewandowski

form a C*-algebra. Using the fact that traces of products of group elements
suffice to separate points of G"/Ad when G = U(N) or G = SU(N) [16],
it again follows that the C*-algebra of cylindrical functions is isomorphic
with H.A. Finally, the construction of Section 4.2 which led us to the defini-
tion of the induced Haar measure goes through step by step. The resulting
representation of the C*-algebra H.A is again faithful and diffeomorphism
invariant.

B.4 Bundle dependence

In all the constructions above, we fixed a principal bundle P(3,G). To
conclude, we will show that the C*-algebra H.A and hence its spectrum are
independent of this choice. First, as noted at the end of Section 3.1, using
the hoop decomposition one can show that two loops in £,0 define the same
hoop if and only if they differ by a combination of reparametrization and
(an immediate) retracing of segments for gauge groups under consideration.
Therefore, the hoop groups obtained from any two bundles are the same.

Fix a gauge group G from {U(N),SU(N)} and let P, (X, G) and P (X,
G) be two principal bundles. Let the corresponding holonomy C*-algebras
be H—A(l) and H—A(2). Using the spectrum theorem, we know that their
spectra are naturally isomorphic: A—/Q(l) = Hom(HG,G) = A—/g(2). We
wish to show that the algebras are themselves naturally isomorphic, i.e.
that the map Z defined by

To (zn: aiz;g?) = iaiTg? (B.2)
i=1 =1

is an isomorphism from m(l) to m@). Let us decompose the given hoops
Qi, ..., 0 into independent hoops Bl, e ,Bn. Let &* be the subgroup of
the hoop group they generate and, as in Section 4.1, let 7(» (§%),i=1,2,
be the corresponding projection maps from A/G to G"/Ad. From the
definition of the maps it follows that the projections of the two functions
in (B.2) to GY/Ad are in fact equal. Hence, we have

I iaiTéj) 1=l zn:@iTa(f)
i=1 =1

whence it follows that Z is an isomorphism of C*-algebras. Thus, it does
not matter which bundle we begin with; we obtain the same holonomy
C*-algebra H.A. Now, fix a bundle, P; say, and consider a connection Ay
defined on P,. Note that the holonomy map of As defines a homomorphism
from the (bundle-independent) hoop group to G. Hence, Ay defines also

2,

a point in the spectrum of HA(I). Therefore, given a manifold M and a
gauge group G the spectrum A/G automatically contains all the connections
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on all the principal G-bundles over M.
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Abstract
We show that the exponential of the Gauss (self-)linking number of
a knot is a solution of the Wheeler-DeWitt equation in loop space
with a cosmological constant. Using this fact, it is straightforward to
prove that the second coefficient of the Jones polynomial is a solution
of the Wheeler-DeWitt equation in loop space with no cosmological
constant. We perform calculations from scratch, starting from the
connection representation and give details of the proof. Implications
for the possibility of generation of other solutions are also discussed.

1 Introduction

The introduction of the loop representation for quantum gravity has made
it possible for the first time to find solutions to the Wheeler-DeWitt equa-
tion (the quantum Hamiltonian constraint) and therefore to have possible
candidates to become physical wave functions of the gravitational field. In
the loop representation the Hamiltonian constraint has non-vanishing ac-
tion only on functions of intersecting loops. It was first argued that by
considering wave functions with support on smooth loops one could solve
the constraint straightforwardly [1, 2]. However, it was later realized that
such solutions are associated with degenerate metrics (metrics with zero
determinant) and this posed inconsistencies if one wanted to couple the
theory [3]. For instance, if one considered general relativity with a cosmo-
logical constant it turns out that non-intersecting loop states also solve the
Wheeler-DeWitt equation for arbitrary values of the cosmological constant.
This does not appear as reasonable since different values of the cosmological
constant lead to widely different behaviors in general relativity.

Therefore the problem of solving the Wheeler—-DeWitt equation in loop

63



64 Rodolfo Gambini and Jorge Pullin

AN

Fi1G. 1. At least a triple intersection is needed to have a state associated
with a non-degenerate 3-dimensional metric in the loop representation.
And even in this case the metric is non-degenerate only at the point of
intersection.

space is far from solved and has to be tackled by considering the action of
the Hamiltonian constraint in the loop representation on states based on
(at least triply) intersecting loops, as depicted in Fig. 1.

Although performing this kind of direct calculations is now possible,
since well-defined expressions for the Hamiltonian constraint exist in terms
of the loop derivative [4] (see also [3]) and actually some solutions have been
found with this approach [5], another line of reasoning has also proved to
be useful.

This other approach is based on the fact that the exponential of the
Chern—Simons term based on Ashtekar’s connection

WES[A] = exp <_% / d3x(AgabAg+gA;AgAlgajk)eabc) (1.1)

is a solution of the Wheeler-DeWitt equation in the connection represen-
tation with a cosmological term

SN
0A; 5 A]

5 6 3
0AL §A] 0 AL

H = ¢k

fb + %eijkeabc (1.2)

(the first term is just the usual Hamiltonian constraint with A = 0 and the
second term is just A det g where det g is the determinant of the spatial
part of the metric written in terms of triads).

To prove this fact one simply needs to notice that for the Chern—Simons
state introduced above,

g cs be i \3;CS
S UOSA] = L w8 ), (1.3)
a
and therefore the rightmost functional derivative in the cosmological con-
stant term of the Hamiltonian (1.2) produces a term in F, that exactly
cancels the contribution from the vacuum Hamiltonian constraint.
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This result for the Chern—Simons state in the connection representa-
tion has an immediate counterpart in the loop representation, since the
transform of the Chern—Simons state into the loop representation

WGS0) = [ ugsia Wl (1.4)

can be interpreted as the expectation value of the Wilson loop in a Chern—
Simons theory,

WGS() = [ dA e RS Wil = ws) (15)

with coupling constant £, and we know due to the insight of Witten [6]
that this coincides with the Kauffman bracket of the loop. Therefore the
state

U9 (~) = Kauffman brackety () (1.6)

should be a solution of the Wheeler—-DeWitt equation in loop space.

This last fact can actually be checked in a direct fashion using the
expressions for the Hamiltonian constraint in loop space of [4]. In order to
do this we make use of the identity

Kauffman bracket () = e*“25() Jones polynomial,, () (1.7)

which relates the Kauffman bracket, the Gauss (self-)linking number, and
the Jones polynomial. The Gauss self-linking number is framing dependent,
and so is the Kauffman bracket. The Jones polynomial, however, is framing
independent. This raises the issue of up to what extent statements about
the Kauffman bracket being a state of gravity are valid, since one expects
states of quantum gravity to be truly diffeomorphism-invariant objects and
framing is always dependent on an external device which should conflict
with the diffeomorphism invariance of the theory. Unfortunately it is not
clear at present how to settle this issue since it is tied to the regularization
procedures used to define the constraints. We will return to these issues in
the final discussion.

We now expand both the Jones polynomial and the exponential of the
Gauss linking number in terms of A and get the expression

Kauffman bracketa(y) = 1+ Gauss(y)A
+  (Gauss(7)? + az(7))A”
+  (Gauss(v)? 4+ Gauss(y)%aa(7) + az(y))A®
+ ... (1.8)
where as, as are the second and third coefficient of the infinite expansion

of the Jones polynomial in terms of A. ao is known to coincide with the
second coefficient of the Conway polynomial [7].
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One could now apply the Hamiltonian constraint in the loop represen-
tation with a cosmological constant to the expansion (1.8) and one would
find that certain conditions have to be satisfied if the Kauffman bracket is
to be a solution. Among them it was noticed [8] that

Hoyas(y) =0 (1.9)

where Hj is the Hamiltonian constraint without cosmological constant
(more recently it has also been shown that Hoas(y) = 0 [9] but we will
not discuss it here).

Summarizing, the fact that the Kauffman bracket is a solution of the
Wheeler-DeWitt equation with cosmological constant seems to have as a di-
rect consequence that the coefficients of the Jones polynomial are solutions
of the vacuum (A = 0) Wheeler-DeWitt equation! This partially answers
the problem of framing we pointed out above. Even if one is reluctant to
accept the Kauffman bracket as a state because of its framing dependence,
it can be viewed as an intermediate step of a framing-dependent proof that
the Jones polynomial (which is a framing-independent invariant) solves the
Wheeler-DeWitt equation (it should be stressed that we only have evidence
that the first two non-trivial coefficients are solutions).

The purpose of this paper is to present a rederivation of these facts from
a different, and to our understanding simpler, perspective. We will show
that the (framing-dependent) knot invariant

UG (7) = e (1.10)

is also a solution of the Wheeler—-DeWitt equation with cosmological con-
stant. It can be viewed as an ‘Abelian limit’ of the Kauffman bracket (more
on this in the conclusions). Given this fact, one can therefore consider their
difference divided by A2,

(Kauffman brackety (7) — ¥§ (7))

Da(y) = — , (L11)

which is also a solution of the Wheeler-DeWitt equation with a cosmolog-
ical constant. This difference is of the form

Da(7y) = az(y) + (as(y) + Gauss(y)?az)A + ... (1.12)

Now, this difference is a state for all values of A, in particular for A =
0. This means that as(vy) should be a solution of the Wheeler—-DeWitt
equation. This confirms the proof given in [5, 8].

Therefore we see that by noticing that the Gauss linking number is
a state with cosmological constant, it is easy to prove that the second
coefficient of the infinite expansion of the Jones polynomial (which coincides
with the second coefficient of the Conway polynomial) is a solution of the
Wheeler-DeWitt equation with A = 0.
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The rest of this paper will be devoted to a detailed proof that the expo-
nential of the Gauss linking number solves the Wheeler-DeWitt equation
with cosmological constant. To this aim we will derive expressions for the
Hamiltonian constraint with cosmological constant in the loop represen-
tation. We will perform the calculation explicitly for the case of a triply
self-intersecting loop, the more interesting case for gravity purposes (it
should be noticed that all the arguments presented above were indepen-
dent of the number and order of intersections of the loops; we just present
the explicit proof for a triple intersection since in three spatial dimensions
it represents the most important type of intersection).

Apart from presenting this new state, we think the calculations exhib-
ited in this paper should help the reader get into the details of how these
calculations are performed and make an intuitive contact between the ex-
pressions in the connection and the loop representation.

In Section 2 we derive the expression of the Hamiltonian constraint
(with a cosmological constant) in the loop representation for a triply in-
tersecting loop in terms of the loop derivative. In Section 3 we write an
explicit analytic expression for the Gauss linking number and prove that
it is a state of the theory. We end in Section 4 with a discussion of the
results.

2 The Wheeler-DeWitt equation in terms of loops

Here we derive the explicit form in the loop representation of the Hamil-
tonian constraint with a cosmological constant. The derivation proceeds
along the following lines. Suppose one wants to define the action of an
operator Oy, on a wave function in the loop representation ¥(v). Applying
the transform

OL¥(y) = / dAOL W, [A]¥[A] (2.1)

the operator O in the right member acts on the loop dependence of the
Wilson loop. On the other hand, this definition should agree with

O = / dAW,[A|Oc T A] (2.2)
where Oc is the connection representation version of the operator in ques-
tion. Therefore, it is clear that

OLW,[A] = OLW, (4], (2.3)

where T means the adjoint operator with respect to the measure of inte-

gration dA. If one assumes that the measure is trivial, the only effect of

taking the adjoint is to reverse the factor ordering of the operators.
Concretely, in the case of the Hamiltonian constraint (without
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cosmological constant)

. )
Hp=¢F— —_Fk 2.4
C € 51431 514% ab ( )
and therefore 5
H W, [A] = €7FFF W, [A]. (2.5)

5AL 5 AT

We now need to compute this quantity explicitly. For that we need the
expression of the functional derivative of the Wilson loop with respect to
the connection

Yy o
%WV[A] = j{dy“(S(y —z)Tr {Pexp(/ deAb)TiPeXp(/ dszb)}
}1(1‘.) o Yy
(2.6)
where o is the basepoint of the loop. The Wilson loop is therefore ‘broken’
at the point of action of the functional derivative and a Pauli matrix (7%)
is inserted. It is evident that with this action of the functional derivative
the Hamiltonian operator is not well defined. We need to regularize it as
; ok _\idk ok g 5
LW 4] = iy oo = )V Ef o) s s W) (2)

where f(x —z) — §(x — z) when € — 0. Caution should be exercised, since
such point splitting breaks the gauge invariance of the Hamiltonian. There
are a number of ways of fixing this situation in the language of loops. One of
them is to define the Hamiltonian inserting pieces of holonomies connecting
the points z and z between the functional derivatives to produce a gauge-
invariant quantity [1]. Here we will only study the operator in the limit
in which the regulator is removed; therefore we will not be concerned with
these issues. A proper calculation would require their careful study.

It is immediate from the above definitions that the Hamiltonian con-
straint vanishes in any regular point of the loop, since it yields a term
dy*dy’F. ;b which vanishes due to the antisymmetry of F;b and the symme-
try of dy®dy® at points where the loop is smooth. However, at intersections
there can be non-trivial contributions. Here we compute the contribution
at a point of triple self-intersection,

Eiijkb(x)-LL-Wnowov [A] = Eiijkb(x) (2.8)
@ S AL (z) SA(z) 3 @

X (;Y]?;YSW’YlTj’YQTk’Y?, [A] + ;Yil;ygw'hrj'ygvy'k [A] + ;Yél;)/gw'yl'ygrj'ygrk [A])v
where we have denoted v = 1 0y, 0y3 where ~; are the ‘petals’ of the loop
as indicated in Fig. 1. By W, 1), k-, [A] we really mean take the holon-

omy from the basepoint along v; up to just before the intersection point,
insert a Pauli matrix, continue along 7; to the intersection, continue along
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2, and just before the intersection insert another Pauli matrix, continue to
the intersection, and complete the loop along 3. One could pick ‘after’ the
intersection instead of ‘before’ to include the Pauli matrices and it would
make no difference since we are concentrating on the limit in which the
regulator is removed, in which the insertions are done at the intersection.
By 4§ we mean the tangent to the petal number 1 just before the inter-
section (where the Pauli matrix was inserted). This is just shorthand for
expressions like § dy®6(x —y) when the point x is close to the intersection,
so strictly speaking 4f really is a distribution that is non-vanishing only at
the point of intersection.
One now uses the following identity for traces of SU(2) matrices,

W s [A] = 3 (Wor [AIW5[A] = Wal AW, [4]),  (29)

which is a natural generalization to the case of loops with insertions of the
SU(2) Mandelstam identities,

W [A]WB[A] = Wap [A] + WQB[A], (2.10)

where 8 means the loop opposite to 3. The result of the application of
these identities to the expression of the Hamiltonian is

HW,[A] = (2.11)
2 (;b (’:Y](.Z;YSW’Y}’Y:;’MT’. [A] - ’:Y](.l’:)/gw’ﬁ’yz’y:;Ti [A] + ;Yil’:YSW’}Ta’Yl’mTi [A]) .

This expression can be further rearranged making use of the loop deriva-
tive. The loop derivative Agp(77) [10, 4] is the differentiation operator that
appears in loop space when one considers two loops to be ‘close’ if they
differ by an infinitesimal loop appended through a path 72 going from the
basepoint to a point of the manifold x as shown in Fig. 2. Its definition is

U(rEoymay) = (1+ 0™ Agp(72)) U () (2.12)

where 0% is the element area of the infinitesimal loop 6 and by 7%dym%y
we mean the loop obtained by traversing the path 7 from the basepoint to
x, the infinitesimal loop v, the path 7 from = to the basepoint, and then
the loop 7.

We will not discuss all its properties here. The only one we need is that
the loop derivative of a Wilson loop taken with a path along the loop is
given by

Bus(GE)W: 4] = e Fuo)Pexp( f d A.)]. (2.13)

which reflects the intuitive notion that a holonomy of an infinitesimal loop
is related to the field tensor. Therefore we can write expressions like

FL W, A (2.14)

273%71{
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X

oy

Fi1c. 2. The loop defining the loop derivative

as
Aab('yl)Wv’ﬂs% [A], (2~15)

and the final expression for the Hamiltonian constraint in the loop repre-
sentation can therefore be read off as follows:

HY(y) = 3 [3195 80 (1) ¥ (T2y371)
A3 A ab (13) W (T17273) + 135 A0 (13) ¥ (F37172)] - (2.16)

This expression could be obtained by particularizing that of [4] to the
case of a triply self-intersecting loop and rearranging terms slightly using
the Mandelstam identities. However, we thought that a direct derivation
for this particular case would be useful for pedagogical purposes.

We now have to find the loop representation form of the operator corre-
sponding to the determinant of the metric in order to represent the second
term in (1.2). We proceed in a similar fashion, first computing the action
of the operator in the connection representation

6 & 6

AT e S AL 54T OAF

(2.17)

on a Wilson loop

6 o6 0 ik
w. [A] = €abc€ Jk’Yl ’7572 (W’lei’szj’yng[A]) . (2'18)

ijk - -
EabcaAaéAzé-Alé ¥

€

This latter expression can be rearranged with the following identity between
holonomies with insertions of Pauli matrices:

eijkW,Y [A] = lWngﬁg [A] + Wopny 75 [A] + Wopngs, [A]l. (2.19)

1Tiy2 Iz TH 4

It is therefore immediate to find the expression of the determinant of
the metric in the loop representation:

detq(7) = —teanc {4555 [ (117372) + ¥ (rem173) + ¥ (2y371)]. (2-20)
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With these elements we are in a position to perform the main calculation
of this paper, to show that the exponential of the Gauss self-linking number
of a loop is a solution of the Hamiltonian constraint with a cosmological
constant.

3 The Gauss (self-)linking number as a solution

In order to be able to apply the expressions we derived in the previous
section for the constraints to the Gauss self-linking number we need an ex-
pression for it in terms of which it is possible to compute the loop derivative.
This is furnished by the well-known integral expression

(&
Gauss(y) = L j{ dz*® f dybeabCM (3.1)

4m ot ¥ |£L' - y|3
where |z — y| is the distance between z and y with a fiducial metric. This
formula is most well known when the two loop integrals are computed along
different loops. In that case the formula gives an integer measuring the
extent to which the loops are linked. In the present case we are considering
the expression of the linking of a curve with itself. This is in general not

well defined without the introduction of a framing [7].
We will rewrite the above expression in a more convenient fashion:

Gauss(y) = /d?’x/dSyX“(x,V)Xb(yry)gab(x,y) (32)
where the vector densities X are defined as

X% x,v) = fdzaé(z —x) (3.3)

and the quantity gqs(x,y) is the propagator of a Chern—Simons theory [7],

C

(z —y)

Ep—cR (3.4)

gab(I, 2/) = €abc

For calculational convenience it is useful to introduce the notation

Gauss(7) = X (1) X" (Y)gaz by (3.5)

where we have promoted the point dependence in z, y to a ‘continuous
index’ and assumed a ‘generalized Einstein convention’ which means sum
over repeated indices a, b and integrate over the 3-manifold for repeated
continuous indices. This notation is also faithful to the fact that the index
a behaves as a vector density index at the point z; that is, it is natural to
pair @ and x together.

The only dependence on the loop of the Gauss self-linking number is
through the X, so we just need to compute the action of the loop derivative
on one of them to be in a position to perform the calculation straightfor-
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o

Fia. 3. The loop derivative that appears in the definition of the Hamilto-
nian is evaluated along a path that follows the loop

wardly. In order to do this we apply the definition of loop derivative, that
is we consider the change in the X when one appends an infinitesimal loop
to the loop v as illustrated in Fig. 3. We partition the integral in a portion
going from the basepoint to the point z where we append the infinitesimal
loop, which we characterize as four segments along the integral curves of
two vector fields u® and v® of associated lengths €; and e, and then we
continue from there back to the basepoint along the loop. Therefore,

((1 + JabAab('yj)> X% (y) = /z dy*é(z — y)erud(x — 2)
+ e0’(1 4+ u°0.)0(x — 2) — equ(1 + [u® + v°]0.)0(x — z)  (3.6)
— v (1 +v°0.)d(x — z) + /o dy®o(y — 2).

72

The last and first term combine to give back X*(y) and therefore
one can read off the action of the loop derivative from the other terms.
Rearranging one gets

Aap(15)X (1) = Oadyy(x — 2) (3.7)

where the notation dj(z — z) stands for §gé(xz — z), the product of the
Kronecker and Dirac deltas.
This is really all we need to compute the action of the Hamiltonian.
We therefore now consider the action of the vacuum (A = 0) part of the
Hamiltonian on the exponential of the Gauss linking number. The action
of the loop derivative is

Aab(75) exp (XY ()X P (V) gey a:) = (3.8)
20085 (2 = 1) X (1) g0y a: x0 (XU () X (Vg fur)

Now we must integrate by parts. Using the fact that 9,X**(vy) = 0 and
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the definition of g¢y 4. (3.4), we get

Aap(v5) exp (XY(7) X (7)gey dz) = (3.9)
2€abe (X (1) + XU (72) + X (73)) exp (XY(7) X (V) ey az) -

Therefore the action of the Hamiltonian constraint on the Gauss linking

number is

E[eAGauss — Eabcj/(lzj/g;yge[&(}auss (310)
where we again have replaced the distributional tangents at the point of
intersection by an expression only involving the tangents. The expression
is only formal since in order to do this a divergent factor should be kept
in front. We assume such factors coming from all terms to be similar and
therefore ignore them.

It is straightforward now to check that applying the determinant of the
metric one the Gauss linking number one gets a contribution exactly equal
and opposite by inspection from expression (2.20). This concludes the main
proof of this paper.

4 Discussion

We showed that the exponential of the Gauss (self-)linking number is a
solution of the Hamiltonian constraint of quantum gravity with a cosmo-
logical constant. This naturally can be viewed as the ‘Abelian’ limit of the
solution given by the Kauffman bracket.

What about the issue of regularization? The proof we presented is only
valid in the limit where ¢ — 0, that is, when the regulator is removed. If
one does not take the limit the various terms do not cancel. However, the
expression for the Hamiltonian constraint we introduced is also only valid
when the regulator is removed. A regularized form of the Hamiltonian con-
straint in the loop representation is more complicated than the expression
we presented. If one is to point-split, infinitesimal segments of loop should
be used to connect the split points to preserve gauge invariance and a more
careful calculation would be in order.

What does all this tell us about the physical relevance of the solutions?
The situation is remarkably similar to the one present in the loop repre-
sentation of the free Maxwell field [11]. In that case, as here, there are two
terms in the Hamiltonian that need to be regularized in a different way (in
the case of gravity, the determinant of the metric requires splitting three
points whereas the Hamiltonian only needs two). As a consequence of this,
it is not surprising that the wave functions that solve the constraint have
some regularization dependence. In the case of the Maxwell field the vac-
uum in the loop representation needs to be regularized. In fact, its form
is exactly the same as that of the exponential of the Gauss linking number
if one replaces the propagator of the Chern—Simons theory present in the



74 Rodolfo Gambini and Jorge Pullin

latter by the propagator of the Maxwell field. This similarity is remarkable.
The problem is therefore the same; the wave functions inherit regulariza-
tion dependence since the regulator does not appear as an overall factor of
the wave equation.

How could these regularization ambiguities be cured? In the Maxwell
case they are solved by considering an ‘extended’ loop representation in
which one allows the quantities X** to become smooth vector densities on
the manifold without reference to any particular loop [12]. In the grav-
itational case such construction is being actively pursued [13], although
it is more complicated. It is in this context that the present solutions
really make sense. If one allows the X to become smooth functions the
framing problem disappears and one is left with a solution that is a func-
tion of vector fields and only reduces to the Gauss linking number in a
very special (singular) limit. It has been proved that the extensions of
the Kauffman bracket and Jones polynomials to the case of smooth den-
sity fields are solutions of the extended constraints. A similar proof goes
through for the extended Gauss linking number. In the extended repre-
sentation, there are additional multivector densities needed in the repre-
sentation. The ‘Abelian’ limit of the Kauffman bracket (the Gauss linking
number) appears as the restriction of the ‘extended’” Kauffman bracket to
the case in which higher-order multivector densities vanish. It would be
interesting to study if such a limit could be pursued in a systematic way or-
der by order. It would certainly provide new insights into how to construct
non-perturbative quantum states of the gravitational field.
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Abstract

This paper derives (at the physical level of rigor) a general switch-
ing formula for the link invariants defined via the Witten functional
integral. The formula is then used to evaluate the top row of the cor-
responding Vassiliev invariants and it is shown to match the results
of Bar-Natan obtained via perturbation expansion of the integral. It
is explained how this formalism for Vassiliev invariants can be used
in the context of the loop transform for quantum gravity.

1 Introduction

The purpose of this paper is to expose properties of Vassiliev invariants by
using the simplest of the approaches to the functional integral definition of
link invariants. These methods are strong enough to give the top row eval-
uations of Vassiliev invariants for the classical Lie algebras. They give an
insight into the structure of these invariants without using the full pertur-
bation expansion of the integral. One reason for examining the invariants
in this light is the possible applications to the loop variables approach to
quantum gravity. The same level of handling the functional integral is
commonly used in the loop transform for quantum gravity.

The paper is organized as follows. Section 2 is a brief discussion of the
nature of the functional integral. Section 3 details the formalism of the
functional integral that we shall use, and works out a difference formula
for changing crossings in the link invariant and a formula for the change of
framing. These are applied to the case of an SU (V) gauge group. Section 4
defines the Vassiliev invariants and shows how to formulate them in terms
of the functional integral. In particular we derive the specific expressions
for the ‘top rows’ of Vassiliev invariants corresponding to the fundamental
representation of SU(N). This gives a neat point of view on the results of
Bar-Natan, and also gives a picture of the structure of the graphical vertex
associated with the Vassiliev invariant. We see that this vertex is not just
a transversal intersection of Wilson loops, but rather has the structure

7
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of Casimir insertion (up to first order of approximation) coming from the
difference formula in the functional integral. This clarifies an issue raised
by John Baez in [4]. Section 5 is a quick remark about the loop formalism
for quantum gravity and its relationships with the invariants studied in the
previous sections. This marks the beginning of a study that will be carried
out in detail elsewhere.

2  Quantum mechanics and topology

In [47] Edward Witten proposed a formulation of a class of 3-manifold
invariants as generalized Feynman integrals taking the form Z (M) where

Z(M) = /dA exp|(ik/4m)S(M, A)].

Here M denotes a 3-manifold without boundary and A is a gauge field (also
called a gauge potential or gauge connection) defined on M. The gauge
field is a 1-form on M with values in a representation of a Lie algebra.
The group corresponding to this Lie algebra is said to be the gauge group
for this particular field. In this integral the ‘action’ S(M, A) is taken to
be the integral over M of the trace of the Chern-Simons three-form CS =
AdA+(2/3)AAA. (The product is the wedge product of differential forms.)

Instead of integrating over paths, the integral Z(M) integrates over
all gauge fields modulo gauge equivalence (see [2] for a discussion of the
definition and meaning of gauge equivalence). This generalization from
paths to fields is characteristic of quantum field theory.

Quantum field theory was designed in order to accomplish the quan-
tization of electromagnetism. In quantum electrodynamics the classical
entity is the electromagnetic field. The question posed in this domain is to
find the value of an amplitude for starting with one field configuration and
ending with another. The analogue of all paths from point a to point b is
‘all fields from field A to field B’.

Witten’s integral Z(M) is, in its form, a typical integral in quantum
field theory. In its content Z(M) is highly unusual. The formalism of
the integral, and its internal logic, support the existence of a large class
of topological invariants of 3-manifolds and associated invariants of knots
and links in these manifolds.

The invariants associated with this integral have been given rigorous
combinatorial descriptions (see [35, 43, 27, 29, 25]), but questions and con-
jectures arising from the integral formulation are still outstanding (see [13]).

3 Links and the Wilson loop

We now look at the formalism of the Witten integral and see how it im-
plicates invariants of knots and links corresponding to each classical Lie
algebra. We need the Wilson loop. The Wilson loop is an exponentiated
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version of integrating the gauge field along a loop K in 3-space that we take
to be an embedding (knot) or a curve with transversal self-intersections.
For the purpose of this discussion, the Wilson loop will be denoted by the
notation <K|A> to denote the dependence on the loop K and the field A.
It is usually indicated by the symbolism Tr(Pexp(§ KA)).

Thus <K|A> = Tr(P exp(§ KA)) Here the P denotes path-ordered
integration. The symbol Tr denotes the trace of the resulting matrix.

With the help of the Wilson loop functional on knots and links, Witten
[47] writes down a functional integral for link invariants in a 3-manifold M:

/dAexp[(ik/élw)S(M, A)}Tr<Pexp(7{KA))
= /dAexp[(ik/zm)S} (K|A).

Z(M,K)

Here S(M, A) is the Chern—Simons action, as in the previous discussion.
We abbreviate S(M, A) as S. Unless otherwise mentioned, the manifold
M will be the 3-dimensional sphere S3.

An analysis of the formalism of this functional integral reveals quite a
bit about its role in knot theory. This analysis depends upon key facts
relating the curvature of the gauge field to both the Wilson loop and the
Chern—-Simons Lagrangian. To this end, let us recall the local coordinate
structure of the gauge field A(x), where z is a point in 3-space. We can write
A(z) = A}(x)T,dz* where the index a ranges from 1 to m with the Lie
algebra basis {T1, T2, T3, ...,T;n}. The index k goes from 1 to 3. For each
choice of a and k, A¥(z) is a smooth function defined on 3-space. In A(x)
we sum over the values of repeated indices. The Lie algebra generators 7,
are actually matrices corresponding to a given representation of an abstract
Lie algebra. We assume some properties of these matrices as follows:

1. [Ta,Ty] = ifapeTe where [x,y] = zy — yx, and fape (the matrix of
structure constants) is totally antisymmetric. There is summation
over repeated indices.

2. Tr(ToTp) = 0ab/2 where d,p is the Kronecker delta (d,p = 1 if a = b
and zero otherwise).

We also assume some facts about curvature. (The reader may compare
with the exposition in [24]. But note the difference in conventions on the
use of ¢ in the Wilson loops and curvature definitions.) The first fact is the
relation of Wilson loops and curvature for small loops:

Fact 1 The result of evaluating a Wilson loop about a very small planar
circle around a point = is proportional to the area enclosed by this circle
times the corresponding value of the curvature tensor of the gauge field
evaluated at x. The curvature tensor is written FY% (x)T,dz"dy®. Tt is the
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local coordinate expression of dA + AA.

Application of Fact 1 Consider a given Wilson loop <K|A>. Ask how
its value will change if it is deformed infinitesimally in the neighborhood
of a point x on the loop. Approximate the change according to Fact 1,
and regard the point x as the place of curvature evaluation. Let (5<K |A>
denote the change in the value of the loop. § <K |A> is given by the formula
§(K|A) = da"da* F2 (2)T,(K|A). This is the first-order approximation to
the change in the Wilson loop.

In this formula it is understood that the Lie algebra matrices T, are to
be inserted into the Wilson loop at the point x, and that we are summing
over repeated indices. This means that each Ta<K |A> is a new Wilson
loop obtained from the original loop <K |A> by leaving the form of the loop
unchanged, but inserting the matrix 7, into the loop at the point z. See
the figure below.

< <
(e

(K|A) T.(K|A)

Remark on insertion The Wilson loop is the limit, over partitions of
the loop K, of products of the matrices (1 + A(z)) where x runs over the
partition. Thus one can write symbolically,

(K|A) = T] (1 + A@@)) = [] (1 + Ag(2)Tada*).

reK zeK

It is understood that a product of matrices around a closed loop connotes
the trace of the product. The ordering is forced by the 1-dimensional
nature of the loop. Insertion of a given matrix into this product at a point
on the loop is then a well-defined concept. If T is a given matrix then it is
understood that T<K|A> denotes the insertion of T into some point of the
loop. In the case above, it is understood from the context of the formula
ds"dz*F¢ (z)T,(K|A) that the insertion is to be performed at the point
indicated in the argument of the curvature.
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Remark The previous remark implies the following formula for the varia-
tion of the Wilson loop with respect to the gauge field:

O(K]A)
3 (Ag(2))

Varying the Wilson loop with respect to the gauge field results in the
insertion of an infinitesimal Lie algebra element into the loop.

= da"T,(K|A).

Proof
§(K|A) 5 )
s(Ap(0) Wyg(1+Ak(y)Tadyk)
= 2T, (K|A).
O

Fact 2 The variation of the Chern—Simons action S with respect to the
gauge potential at a given point in 3-space is related to the values of the
curvature tensor at that point by the following formula (where €4p. is the
epsilon symbol for three indices):
08
Fi(x) =€rst—.
rs( ) rst 5(14?(:17))

With these facts at hand we are prepared to determine how the Witten
integral behaves under a small deformation of the loop K.

Proposition 1 (Compare [24].) All statements of equality in this proposi-
tion are up to order (1/k).

1. Let Z(K) = Z(K,S?) and let §Z(K) denote the change of Z(K)
under an infinitesimal change in the loop K. Then

§Z(K) = (4mi/k) / dAexp|(ik/4m)S][eseda” dy*d=" 1T, T, (K| A).

The sum is taken over repeated indices, and the insertion is taken of
the matrix products T, T, at the chosen point x on the loop K that
is regarded as the ‘center’ of the deformation. The volume element
[erstd:ﬂdysdzt] is taken with regard to the infinitesimal directions of
the loop deformation from this point on the original loop.

2. The same formula applies, with a different interpretation, to the case
where x is a double point of transversal self-intersection of a loop
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K, and the deformation consists in shifting one of the crossing seg-
ments perpendicularly to the plane of intersection so that the self-
intersection point disappears. In this case, one T, is inserted into
each of the transversal crossing segments so that TaTa<K |A> denotes
a Wilson loop with a self-intersection at z and insertions of T, at
x + €1 and = + €3, where €1 and €s denote small displacements along
the two arcs of K that intersect at x. In this case, the volume form is
nonzero, with two directions coming from the plane of movement of
one arc, and the perpendicular direction is the direction of the other
arc.

dAexp|(ik/4m)S|6(K|A)

dAexp|(ik/4m)S)da" dy* Ff (z)T,(K|A) (Fact 1)
oS
6(A(x))
dAeXp (ik/4m) ]( (55 ))erstdarrdysTa<K|A>

T.(K|A) (Fact 2)

/
/

— / dAexp|(ik/4m)S]da" dy®erse
/

— (—4ni/k) / dA {exg([j;;(ﬂl;)s}}erstd:deysTa<K|A>

= (4ri/k) / dAeXp[(ik/4w)S]eTstdedysw

§(Ag(x))

(integration by parts)
= (4mi/k) / dAexp|(ik/4m)S][erseda” dy® dz" T, T, (K| A)
(differentiating the Wilson loop).

This completes the formalism of the proof. In the case of part 2, the change
of interpretation occurs at the point in the argument when the Wilson
loop is differentiated. Differentiating a self-intersecting Wilson loop at a
point of self-intersection is equivalent to differentiating the corresponding
product of matrices at a variable that occurs at two points in the product
(corresponding to the two places where the loop passes through the point).
One of these derivatives gives rise to a term with volume form equal to
zero, the other term is the one that is described in part 2. This completes
the proof of the proposition. O

Applying Proposition 1 As the formula of Proposition 1 shows, the in-
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tegral Z(K) is unchanged if the movement of the loop does not involve
three independent space directions (since €,s;dz”dy*dz! computes a vol-
ume). This means that Z(K) = Z(S3, K) is invariant under moves that
slide the knot along a plane. In particular, this means that if the knot K
is given in the nearly planar representation of a knot diagram, then Z(K)
is invariant under regular isotopy of this diagram. That is, it is invari-
ant under the Reidemeister moves II and ITII. We expect more complicated
behavior under move I since this deformation does involve three spatial
directions. This will be discussed momentarily.

We first determine the difference between Z(K ) and Z(K_) where K
and K_ denote the knots that differ only by switching a single crossing.
We take the given crossing in K to be the positive type, and the crossing
in K_ to be of negative type.

RN
/ N

The strategy for computing this difference is to use K4 as an intermediate,
where Ky is the link with a transversal self-crossing replacing the given
crossing in Ky or K_. Thus we must consider Ay = Z(Ky)— Z(Ky) and
A_=Z(K_)— Z(Ky). The second part of Proposition 1 applies to each
of these differences and gives

Ay = (47Ti/k)/dAexp[(ik/47r)S] [erstda” dy® dz"| T, To( K4 |A)

where, by the description in Proposition 1, this evaluation is taken along
the loop K4 with the singularity and the T, T, insertion occurs along the
two transversal arcs at the singular point. The sign of the volume element
will be opposite for A_ and consequently we have that

Ay +A_=0.

(The volume element [e,s;dz" dy*dz*] must be given a conventional value in

our calculations. There is no reason to assign it different absolute values

for the cases of Ay and A_ since they are symmetric except for the sign.)
Therefore Z(Ky) — Z(Ky) + Z(K_) — Z(K4) = 0. Hence

Z(Ky) = (1/2)[2(K+) + Z(K-)].
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(X X

This result is central to our further calculations. It tells us that the eval-
uation of a singular Wilson loop can be replaced with the average of the
results of resolving the singularity in the two possible ways.

Now we are interested in the difference Z(Ky) — Z(K_):

Z(Ky)—Z(K_)=A4 — A_ =2A+
= (87i/k) / dAexp[(ik/4m)S][erseda” dy®dz"|To T (K4 | A).
Volume convention It is useful to make a specific convention about the
volume form. We take
[erseda”dy®dz"] = % for Ay and — % for A_.
Thus

Z(K,) — Z(K_) = (4mi/k) / dAexp|[(ik/4m) S| T, Tu (K 4|A).

Integral notation Let Z(T,T,Kx) denote the integral

(T ToKy) = / dA exp[(ik/4m)S] TuT (K 4| A).

Difference formula Write the difference formula in the abbreviated form
Z(Ky) — Z(K_) = (4mi/K) Z(TT.K ).

This formula is the key to unwrapping many properties of the knot in-
variants. For diagrammatic work it is convenient to rewrite the difference
equation in the form shown below. The crossings denote small parts of
otherwise identical larger diagrams, and the Casimir insertion 7,7, K4 is
indicated with crossed lines entering a disk labelled C.
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K

The Casimir The element ) 7,7, of the universal enveloping algebra is
called the Casimir. Its key property is that it is in the center of the algebra.
Note that by our conventions Tr(>", T,T,) = >, Aaa/2 = d/2 where d is
the dimension of the Lie algebra. This implies that an unknotted loop with
one singularity and a Casimir insertion will have Z-value d/2.

In fact, for the classical semisimple Lie algebras one can choose a basis
so that the Casimir is a diagonal matriz with identical values (d/2D) on
its diagonal. D is the dimension of the representation. We then have the
general formula Z(TaTaK;ZC) = (d/2D)Z(K) for any knot K. Here K;;’C
denotes the singular knot obtained by placing a local self-crossing loop in
K as shown below:

i

Note that Z( K 1o¢) = . (Let the flat loop shrink to nothing. The
Wilson loop is stlll deﬁned on a loop with an isolated cusp and it is equal
to the Wilson loop obtained by smoothing that cusp.)

M

o

™

N’
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Let Klfc denote the result of adding a positive local curl to the knot
K, and K¢ the result of adding a negative local curl to K.

loc

1
K K
Then by the above discussion and the difference formula, we have
Z(KY) = Z(KY°)+ (2mi/k)Z(T,T.Kg°)
Z(K)+ (2mi/k)(d/2D)Z(K).
Thus,

2(K)

[1+ (mi/k)(d/D)] Z(K).

Similarly,

Z(K'°%) = [1 — (wi/k)(d/D)] Z(K).

These calculations show how the difference equation, the Casimir, and
properties of Wilson loops determine the framing factors for the knot in-
variants. In some cases we can use special properties of the Casimir to
obtain skein relations for the knot invariant.

For example, in the fundamental representation of the Lie algebra for
SU(N) the Casimir obeys the following equation (see [24, 5]):

S ()i (Ta) = (%)&-léjk _ (%)@j(skl.

a

Hence

Z(T,T,Ky) = (%) Z(Ko)— (%) Z(Ky)

where K denotes the result of smoothing a crossing as shown below:
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NS
/7N
K,

Using Z(K4) = [Z(K4)+Z(K_-)] /2 and the difference identity, we obtain

2002 - 25-) = (amifh) (20086002 - (g (2080 + 2K 23).

Hence

(1 + mi/NE)Z(K ) — (1 — wi/NK)Z(K_) = (21 k) Z(Ko)

e(%)zug) - e<%>Z(K) = [e(1) — e(=1)] Z(Ko)

where e(x) = exp|(mi/k)x] taken up to O(1/k?).
Here d = N2 — 1 and D = N, so the framing factor is

o = {1+ (ri/W)[(V? — 1/N]} = e[(N - (/)]

Therefore, if P(K) = a~*®¥)Z(K) denotes the normalized invariant of
ambient isotopy associated with Z(K) (with w(K') the sum of the crossing
signs of K), then

ae(l/N)P(Ky) — ofle(—l/N)P(K,) = [e(l) — e(—l)]P(KO).
Hence
e(N)P(K ) — e(~N)P(K_) = [e(1) — e(~1)] P(Ko)-

This last equation shows that P(K) is a specialization of the Homfly poly-
nomial for arbitrary N, and that for N =2 (SU(2)) it is a specialization
of the Jones polynomial.

4 Graph invariants and Vassiliev invariants

We now apply this integral formalism to the structure of rigid vertex graph
invariants that arise naturally in the context of knot polynomials. If V(K)
is a (Laurent-polynomial-valued, or, more generally, commutative-ring-
valued) invariant of knots, then it can be naturally extended to an invariant
of rigid vertex graphs by defining the invariant of graphs in terms of the
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knot invariant via an ‘unfolding’ of the vertex as indicated below [26]:

V(Kg) = aV (K1) +bV(K_) 4V (Ko).

J AN N
/ N N

K, K_ Ko

Here Kg indicates an embedding with a transversal 4-valent vertex ($). We
use the symbol $ to distinguish this choice of vertex designation from the
previous one involving a self-crossing Wilson loop.

Formally, this means that we define V(G) for an embedded 4-valent
graph G by taking the sum over a’+(5)pi-(5)c0(9)V/ () for all knots S
obtained from G by replacing a node of G either with a crossing of positive
or negative type, or with a smoothing (denoted 0). It is not hard to see
that if V(K) is an ambient isotopy invariant of knots, then this extension is
a rigid vertex isotopy invariant of graphs. In rigid vertex isotopy the cyclic
order at the vertex is preserved, so that the vertex behaves like a rigid disk
with flexible strings attached to it at specific points.

There is a rich class of graph invariants that can be studied in this
manner. The Vassiliev invariants [5, 6, 44] constitute the important special
case of these graph invariants where a = +1, b = —1, and ¢ = 0. Thus
V(G) is a Vassiliev invariant if

V(Kg) = V(Ky) = V(K-).

V(G) is said to be the finite type k if V(G) = 0 whenever #(G) > k where
#(G) denotes the number of 4-valent nodes in the graph G. If V is the
finite type k, then V(G) is independent of the embedding type of the graph
G when G has exactly k nodes. This follows at once from the definition of
finite type. The values of V(G) on all the graphs of k nodes is called the
top row of the invariant V.

For purposes of enumeration it is convenient to use chord diagrams to
enumerate and indicate the abstract graphs. A chord diagram consists of
an oriented circle with an even number of points marked along it. These
points are paired with the pairing indicated by arcs or chords connecting
the paired points. See the figure below.
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This figure illustrates the process of associating a chord diagram to a given
embedded 4-valent graph. Each transversal self-intersection in the embed-
ding is matched to a pair of points in the chord diagram.

5 Vassiliev invariants from the functional integral

In order to examine the Vassiliev invariants associated with the functional
integral, we must first normalize these invariants to invariants of ambient
isotopy, and then consider the structure of the difference between posi-
tive and negative crossings. The framed difference formula provides the
necessary information for obtaining the top row.

We have shown that Z(K¢) = aZ(K) with o = e(d/D). Hence

P(K) =a "M Z(K)
is an ambient isotopy invariant. The equation
2(K) - Z(K_) = (4mi/K) Z(Tu T K )

implies that if w(K ;) = w41, then we have the ambient isotopy difference
formula:

P(K.) — P(K_) = o~ (4 /) [Z(T.T.K 4) — (d/2D)Z(K)].

We leave the proof of this formula as an exercise for the reader.
This formula tells us that for the Vassiliev invariant associated with P
we have

P(Ks) = o™ (4i/k) [Z(T.T. K ) — (d/2D)Z(K4)].

Furthermore, if V;(K) denotes the coefficient of (47i/k)’ in the expansion
of P(K) in powers of (1/k), then the ambient difference formula implies
that (1/k)? divides P(G) when G has j or more nodes. Hence V;(G) = 0 if
G has more than j nodes. Therefore V;(K) is a Vassiliev invariant of finite
type. (This result was proved by Birman and Lin [6] by different methods
and by Bar-Natan [5] by methods equivalent to ours.)

The fascinating thing is that the ambient difference formula, appropri-
ately interpreted, actually tells us how to compute Vi (G) when G has k
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nodes. Under these circumstances each node undergoes a Casimir insertion,
and because the Wilson loop is being evaluated abstractly, independent of
the embedding, we insert nothing else into the loop. Thus we take the pair-
ing structure associated with the graph (the so-called chord diagram) and
use it as a prescription for obtaining a trace of a sum of products of Lie al-
gebra elements with T, and T, inserted for each pair or a simple crossover
for the pair multiplied by (d/2D). This yields the graphical evaluation
implied by the recursion

V(Gs) = [V(T.T.G4) — (d/2D)V(Gy)].

At each stage in the process one node of GG disappears or it is replaced
by these insertions. After k steps we have a fully inserted sum of abstract
Wilson loops, each of which can be evaluated by taking the indicated trace.
This result is equivalent to Bar-Natan’s result, but it is very interesting to
see how it follows from a minimal approach to the Witten integral.

In particular, it follows from Bar-Natan [5] and Kontsevich [28] that the
condition of topological invariance is translated into the fact that the Lie
bracket is represented as a commutator and that it is closed with respect
to the Lie algebra. Diagrammatically we have:

a a b
;—C’IB—-%; - Ta H % - lfabc

T,Ty = ToTa =Y i farcTe

C

Since

we obtain
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a b a b a b
T - T =
This relationship on chord diagrams is the seed of all the topology. In
particular, it implies the basic 4-term relation

00, M.

Hesllad
YN ov

The presence of this relation on chord diagrams for V;(G) with #(G) =i
is the basis for the existence of a corresponding Vassiliev invariant. There
is not room here to go into more detail about this matter, and so we
bring this discussion to a close. Nevertheless, it must be mentioned that
this brings us to the core of the main question about Vassiliev invariants:
are there non-trivial Vassiliev invariants of knots and links that cannot be
constructed through combinations of Lie algebraic invariants? There are
many other open questions in this arena, all circling this basic problem.
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6 Quantum gravity—Iloop states

We now discuss the relationship of Wilson loops and quantum gravity that
is forged in the theory of Ashtekar, Rovelli, and Smolin [1]. In this theory
the metric is expressed in terms of a spin connection A, and quantization
involves considering wave functions ¥ (A). Smolin and Rovelli analyze the
loop transform ¢ (K) = [ dAp(A)(K|A) where (K|A) denotes the Wilson
loop for the knot or singular embedding K. Differential operators on the
wave function can be referred, via integration by parts, to corresponding
statements about the Wilson loop. It turns out that the condition that
¥ (K) be a knot invariant (without framing dependence) is equivalent to the
so-called diffeomorphism constraint [37] for these wave functions. In this
way, knots and weaves and their topological invariants become a language
for representing a state of quantum gravity.

The main point that we wish to make in the relationship of the Vassiliev
invariants to these loop states is that the Vassiliev vertex

satisfying

XXX

is not simply a transverse intersection of Wilson loops. We have seen that
it follows from the difference formula that the Vassiliev vertex is much more
complex than this—that it involves the Casimir insertion at the transverse
intersection up to the first order of approximation, and that this structure
can be used to compute the top row of the corresponding Vassiliev invariant.
This situation suggests that one should amalgamate the formalism of the
Vassiliev invariants with the structure of the Poisson algebras of loops and
insertions used in the quantum gravity theory [37, 33]. It also suggests
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taking the formalism of these invariants (in the functional integral form)
quite seriously even in the absence of an appropriate measure theory.

One can begin to work backwards, taking the position that invari-
ants that do not ostensibly satisfy the diffeomorphism constraint (owing
to change of value under framing change) nevertheless still define states of
a quantum gravity theory that is a modification of the Ashtekar formula-
tion. This theory can be investigated by working the transform methods
backwards—from knots and links to differential operators and differential
geometry.

All these remarks are the seeds for another paper. We close here, and
ask the reader to stay tuned for further developments.
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Abstract

In this chapter, I review the relationship between the metric formula-
tion of (2+1)-dimensional gravity and the loop observables of Rovelli
and Smolin. I emphasize the possibility of reconstructing the classi-
cal geometry, via the theory of geometric structures, from the values
of the loop variables. I close with a brief discussion of implications
for quantization, particularly for covariant canonical approaches to
quantum gravity.

1 Introduction

Ashtekar’s connection representation for general relativity [1, 2] and the
closely related loop variable approach [3] have generated a good deal of
excitement over the past few years. While it is too early to make firm
predictions, there seems to be some real hope that these new variables will
allow the construction of a consistent non-perturbative quantum theory of
gravity. Some important progress has been made: a number of observables
have been found, large classes of quantum states have been identified, and
the first steps have been taken towards establishing a reasonable weak-field
perturbation theory [4].

Progress has been hampered, however, by the absence of a clear physi-
cal interpretation for the observables built out of Ashtekar’s new variables.
In part, the problem is simply one of unfamiliarity—physicists accustomed
to metrics and their associated connections can find it difficult to make
the transition to densitized triads and self-dual connections. But there is
a deeper problem as well, inherent in almost any canonical formulation of
general relativity. To define Ashtekar’s variables, one must choose a time
slicing, an arbitrary splitting of spacetime into spacelike hypersurfaces.
But real geometry and physics cannot depend on such a choice; the true
physical observables must somehow forget any details of the time slicing,
and refer only to the invariant underlying geometry. To a certain extent,
this is already a source of trouble in classical general relativity, where one
must take care to separate physical phenomena from artifacts of coordinate
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choices. In canonical quantization, however, the problem becomes much
sharper—all observables must be diffeomorphism invariants, and the need
to reconstruct geometry and physics from such quantities becomes unavoid-
able.

In a sense, the Ashtekar program is a victim of its own success. For
the first time, we can actually write down a large set of diffeomorphism-
invariant operators, built out of the loop variables of Rovelli and Smolin
in the ‘loop representation’ of quantum gravity [2, 3]. But although some
progress has been made in defining area and volume operators in terms
of these variables [5], the goal of reconstructing spacetime geometry from
such invariant quantities remains out of reach.

The purpose of this chapter is to demonstrate that such a reconstruc-
tion is possible in the simple model of (2+1)-dimensional gravity, general
relativity in two spatial dimensions plus time. A reduction in the number of
dimensions greatly simplifies general relativity, allowing the use of powerful
techniques not readily available in the realistic (3+1)-dimensional theory.
As a consequence, many of the specific results presented here will not read-
ily generalize to higher dimensions. But the success of (241)-dimensional
gravity can be viewed as an ‘existence proof’ for canonical quantum grav-
ity, and one may hope that at least some of the technical results have
extensions to our physical spacetime.

2  From geometry to holonomies

Let us begin with a brief review of (241)-dimensional general relativity in
first-order formalism. As our spacetime we take a 3-manifold M, which we
shall often assume to have a topology RxX, where X is a closed orientable
surface. The fundamental variables are a triad e,“—a section of the bundle
of orthonormal frames—and a connection on the same bundle, which can
be specified by a connection 1-form w,%.'® The Einstein-Hilbert action
can be written as

1
Igray = / e A (dwa + Zeapew® A wc> , (2.1)
M 2

where e = e,%dz" and w® = %eabcwubcda@“. The action is invariant under
local SO(2,1) transformations,

Set = ey, (2.2)

Sw® = dr® + e**wyre,

101ndices u, v, p, ... are spacetime coordinate indices; 4, j, k, ... are spatial coordinate
indices; and a, b, c, ... are ‘Lorentz indices’, labelling vectors in an orthonormal basis.
Lorentz indices are raised and lowered with the Minkowski metric 7,;. This notation is
standard in papers in (2+1)-dimensional gravity, but differs from the usual conventions
for Ashtekar variables, so readers should be careful in translation.



Geometric Structures and Loop Variables 99

as well as ‘local translations’,

det = dp® + e®*wyp, (2.3)
ow® = 0.

Igray is also invariant under diffeomorphisms of M, of course, but this is not
an independent symmetry: Witten has shown [6] that when the triad e,*
is invertible, diffeomorphisms in the connected component of the identity
are equivalent to transformations of the form (2.2)-(2.3). We therefore
need only worry about equivalence classes of diffeomorphisms that are not
isotopic to the identity, that is elements of the mapping class group of M.

The equations of motion coming from the action (2.1) are easily derived:

de® + e®wy Ne, =0 (2.4)

and 1
dw® + §eabcwb Awe = 0. (2.5)

These equations have four useful interpretations, which will form the basis
for our analysis:

1. We can solve (2.4) for w as a function of e, and rewrite (2.5) as an
equation for wle]. The result is equivalent to the ordinary vacuum
Einstein field equations,

R, [9] =0, (2.6)

for the Lorentzian (i.e. pseudo-Riemannian) metric g, = euaeybnab.
In 241 dimensions, these field equations are much more powerful
than they are in 341 dimensions: the full Riemann curvature tensor
is linearly dependent on the Ricci tensor,

RHVpO’ = gupRua +gVO’RHP - gIJpR;,LO' - guaRup - %(gupgl/a _guagup)Ra

(2.7)
so (2.6) actually implies that the metric g,, is flat. The space of
solutions of the field equations can thus be identified with the set of
flat Lorentzian metrics on M.

2. As a second alternative, note that eqn (2.5) depends only on w and
not on e. In fact, (2.5) is simply the requirement that the curvature
of w vanish; that is, that w be a flat SO(2,1) connection. Moreover,
eqn (2.4) can be interpreted as the statement that e is a cotangent
vector to the space of flat SO(2,1) connections; indeed, if w(s) is a
curve in the space of flat connections, the derivative of (2.5) gives

dw® abe dwe\
d(d—s>+6 Wb/\<ds>—0, (28)
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which can be identified with (2.4) with

o dw®

et = ——. (2.9)
To determine the physically inequivalent solutions of the field equa-
tions, we must still factor out the gauge transformations (2.2)—(2.3).
The local Lorentz transformations (2.2) act on w as ordinary SO(2,1)
gauge transformations, and tell us that only gauge equivalence classes
of flat SO(2,1) connections are relevant. Let us denote the space of
such equivalence classes as N. The transformations of e can once
again be interpreted as statements about the cotangent space: if we
consider a curve 7(s) of SO(2,1) transformations, it is easy to check
that the first equations of (2.2) and (2.3) follow from differentiating

the second equation of (2.2), with

dr®
a = 2.10
P= (2.10)
and e® as in (2.9). A solution of the field equations is thus determined
by a point in the cotangent bundle T*N .
Now, a flat connection on the frame bundle of M is determined by
its holonomies, that is by a homomorphism

p:m(M)— SO(2,1), (2.11)

and gauge transformations act on p by conjugation. We can therefore
write

N = Hom(m (M), SO(2,1))/ ~,
pr~p2 if po=h-p-h~t heSO21). (2.12)

It remains for us to factor out the diffeomorphisms that are not in the
component of the identity, the mapping class group. These transfor-
mations act on A through their action as a group of automorphisms
of w1 (M), and in many interesting cases—for example, when M has
the topology R x ¥—this action comprises the entire set of outer au-
tomorphisms of 71 (M) [7]. If we denote equivalence under this action
by ~/, and let N'/~' = N, we can express the space of solutions of
the field equations (2.4)—(2.5) as!! T*N.

When M has the topology R x ¥, this description can be further
refined. In that case, the space N—or at least the physically relevant
connected component of N—is homeomorphic to the Teichmiiller

M Strictly speaking, one more subtlety remains. The space of homomorphisms (2.12)
is not always connected, and it is often the case that only one connected component cor-
responds to physically admissible spacetimes. See [8, 9] for the mathematical structure
and [6, 9, 10, 11] for physical implications.
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space of X, and N is the corresponding moduli space [8, 12]. The
set of vacuum spacetimes can thus be identified with the cotangent
bundle of the moduli space of ¥, and many powerful results from
Riemann surface theory become applicable.

A third approach is available if M has the topology R x Y. For such
a topology, it is useful to split the field equations into spatial and
temporal components. Let us write

d = d+ dtdy,
e? = &% + eg“dt, (2.13)

w® = 0% + wpdt.

(This decomposition can be made in a less explicitly coordinate-
dependent manner—see, for example, [13]—but the final results are
unchanged.) The spatial projections of (2.4)—(2.5) take the same form
as the original equations, with all quantities replaced by their ‘tilded’
spatial equivalents. As above, solutions may therefore be labelled by
classes of homomorphisms, now from 71 (X) to SO(2, 1), and the cor-
responding cotangent vectors. The temporal components of the field
equations, on the other hand, now become

B € = deo” + €"*“@yeqe + € Epwoc (214)

Op 0 = dwo® + Eabcdjwac.

Comparing with (2.2)—(2.3), we see that the time development of
(é,) is entirely described by a gauge transformation, with 7¢ = wy®
and p® = ep°.

This is consistent with our previous results, of course. For a topol-
ogy of the form R x 3, the fundamental group is simply that of X,
and an invariant description in terms of holonomies should not be
able to detect a particular choice of spacelike slice. Equation (2.14)
shows in detail how this occurs: motion in coordinate time is merely
a gauge transformation, and is therefore invisible to the holonomies.
But the central dilemma described in the introduction now stands out
sharply. For despite eqn (2.14), solutions of the (2+1)-dimensional
field equations are certainly not static as geometries—they do not, in
general, admit timelike Killing vectors. The real physical dynamics
has somehow been hidden by this analysis, and must be uncovered if
we are to find a sensible physical interpretation of our solutions. This
puzzle is an example of the notorious ‘problem of time’ in gravity [14],
and exemplifies one of the basic issues that must be resolved in order
to construct a sensible quantum theory.

A final approach to the field equations (2.4)—(2.5) was suggested by
Witten [6], who observed that the triad e and the connection w could
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be combined to form a single connection on an ISO(2,1) bundle.
150(2,1), the 3-dimensional Poincaré group, has a Lie algebra with
generators J® and Pt and commutation relations

[ja,jb] _ Eabcjc, [ja,'])b} _ eabc:Pc, [zpa,rpb} —0.
(2.15)

If we write a single connection 1-form
A=e"P,+w"T, (2.16)

and define a ‘trace,” an invariant inner product on the Lie algebra,
by

Tr (japb) — pab, Tr (jajb) =Tr (’P“’Pb) =0, (2.17)

then it is easy to verify that the action (2.1) is simply the Chern—
Simons action [15] for A,

Icszl/ Tr{A/\dA—I—gA/\A/\A}. (2.18)
2 Ju 3

The field equations now reduce to the requirement that A be a flat
I150(2,1) connection, and the gauge transformations (2.2)—(2.3) can
be identified with standard 1.SO(2, 1) gauge transformations. Imitat-
ing the arguments of our second interpretation, we should therefore
expect solutions of the field equations to be characterized by gauge
equivalence classes of flat 1SO(2,1) connections, that is by homo-
morphisms in the space

M = Hom(m; (M), ISO(2,1))/ ~,
pr~p2 if po=h-p-h™', helISO(2,1). (2.19)

To relate this description to our previous results, observe that
I50(2,1) is itself a cotangent bundle with base space SO(2,1). In-
deed, a cotangent vector at the point A; € SO(2,1) can be written in
the form dA,;A; ', and the multiplication law

(Ap, dAATY) (Mg dAGASTY) = (A Ay, d(AAL)(AA,) 7Y
= (A Ay, dA AT+ A (dAAS AT (2.20)

may be recognized as the standard semidirect product composition
law for Poincaré transformations. The space of homomorphisms from
w1 (M) to ISO(2,1) inherits this cotangent bundle structure in an
obvious way, leading to the identification M =~ T*N, where N is
the space of homomorphisms (2.12). It remains for us to factor out
the mapping class group. But this group acts in (2.12) and (2.19) as
the same group of automorphisms of 71 (M); writing the quotient as
M/~ = M, we thus see that M ~ T*N.
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Of these four approaches to the (2+1)-dimensional field equations, only
the first corresponds directly to our usual picture of spacetime physics.
Trajectories of physical particles, for instance, are geodesics in the flat
manifolds of this description. The second approach, on the other hand, is
the one that is closest to the loop variable picture in (3+1)-dimensional
gravity. The loop variables of Rovelli and Smolin [2, 3, 16, 17] may be
expressed as follows. Let

thy_Pmp(Aw%L) (2.21)

be the holonomy of the connection 1-form w® around a closed path ~(¢)
based at v(0) = x. (Here, P denotes path ordering, and the basepoint
specifies the point at which the path ordering begins.) We then define

T[] = Tt Uly, ] (2.22)

and

dz*

7'l = [am{vhable 0O 0] @)

TO[v] is thus the trace of the SO(2,1) holonomy around «y, while 71[7] is
essentially a cotangent vector to 7°[y]: indeed, given a curve w(s) in the
space of flat SO(2,1) connections, we can differentiate (2.22) to obtain

;Z—STO[W] =/Vﬂ (U[%:v(t)] d;": (W(t))Ja>, (2.24)

and we have already seen that the derivative dw®/ds can be identified with
the triad e®.

In 3+1 dimensions, the variables 79 and 7' depend on particular
loops v, and considerable work is still needed to construct diffeomorphism-
invariant observables that depend only on knot classes. In 241 dimensions,
on the other hand, the loop variables are already invariant, at least under
diffeomorphisms isotopic to the identity. The key difference is that in 241
dimensions the connection w is flat, so the holonomy U[y, 2] depends only
on the homotopy class of v. Some care must be taken in handling the
mapping class group, which acts non-trivially on 79 and 7'; this issue has
been investigated in a slightly different context by Nelson and Regge [18].

Of course, 7° and 7 are not quite the equivalence classes of holonomies
of our interpretation number 2 above: 7°[y] is not a holonomy, but only
the trace of a holonomy. But knowledge of 79[| for a large enough set of
homotopically inequivalent curves may be used to reconstruct a point in
the space N of eqn (2.12), and indeed, the loop variables can serve as local
coordinates on N [19, 20, 21].
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3 Geometric structures: from holonomies
to geometry

The central problem described in the introduction can now be made ex-
plicit. Spacetimes in 2+1 dimensions can be characterized a la Ashtekar et
al. [16] as points in the cotangent bundle T*A/, our description number
2 of the last section. Such a description is fully diffeomorphism invariant,
and provides a natural starting point for quantization. But our intuitive
geometric picture of a (2+1)-dimensional spacetime is that of a manifold M
with a flat metric—description number 1—and only in this representation
do we know how to connect the mathematics with ordinary physics. Our
goal is therefore to provide a translation between these two descriptions.

To proceed, let us investigate the space of flat spacetimes in a bit more
detail. If M is topologically trivial, the vanishing of the curvature tensor
implies that (M, g) is simply ordinary Minkowski space (V%1 n), or at least
some subset of (V%! n) that can be extended to the whole of Minkowski
space. If the spacetime topology is non-trivial, M can still be covered by
contractible coordinate patches U; that are each isometric to V2!, with
the standard Minkowski metric 77, on each patch. The geometry is then
encoded in the transition functions 7;; on the intersections U; N U;, which
determine how these patches are glued together. Moreover, since the met-
rics in U; and U are identical, these transition functions must be isometries
of 1., that is elements of the Poincaré group 150(2,1).

Such a construction is an example of what Thurston calls a geomet-
ric structure [22, 23, 24, 25], in this case a Lorentzian or (I150(2,1),V%1)
structure. In general, a (G, X') manifold is one that is locally modelled on
X, just as an ordinary n-dimensional manifold is modelled on R™. More
precisely, let G be a Lie group that acts analytically on some n-manifold
X, the model space, and let M be another n-manifold. A (G, X) structure
on M is then a set of coordinate patches U; covering M with ‘coordinates’
¢; : U; — X taking their values in the model space and with transition
functions v;; = ¢io¢j71|Ui NU; in G. While this general formulation may
not be widely known, specific examples are familiar: for example, the uni-
formization theorem for Riemann surfaces implies that any surface of genus
g > 1 admits an (PSL(2,R), H?) structure.

A fundamental ingredient in the description of a (G, X) structure is
its holonomy group, which can be viewed as a measure of the failure of a
single coordinate patch to extend around a closed curve. Let M be a (G, X)
manifold containing a closed path . We can cover v with coordinate charts

¢i2Ui—>X, i=1,...7n (31)
with constant transition functions g; € G between U; and U1, i.e.

$i|lU; NUis1 = giogit1|U; N Ussa (3.2)
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(bnlUn NU; = gno¢1|Un NU;.

Let us now try analytic continuation of the coordinate ¢, from the patch
U; to the whole of yv. We can begin with a coordinate transformation in Us
that replaces ¢2 by ¢4 = gio¢2, thus extending ¢; to Uy U Us. Continuing
this process along the curve, with gb;» = g10...0gj—100;, we will eventually
reach the final patch U,, which again overlaps U;. If the new coordinate
function ¢/, = gio...ogn—10¢, happens to agree with ¢; on U, N Uy, we
will have succeeded in covering v with a single patch. Otherwise, the
holonomy H, defined as H(v) = gio...0gy,, measures the obstruction to
such a covering.

It may be shown that the holonomy of a curve v depends only on its
homotopy class [22]. In fact, the holonomy defines a homomorphism

H:m(M) - G. (3.3)

Note that if we pass from M to its universal covering space M , we will
no longer have non-contractible closed paths, and ¢; will be extendable
to all of M. The resulting map D: M — X is called the developing map
of the (G, X) structure. At least in simple examples, D embodies the
classical geometric picture of development as ‘unrolling’—for instance, the
unwrapping of a cylinder into an infinite strip.

The homomorphism H is not quite uniquely determined by the geo-
metric structure, since we are free to act on the model space X by a fixed
element h € G, thus changing the transition functions g; without altering
the (G, X) structure of M. It is easy to see that such a transformation
has the effect of conjugating H by h, and it is not hard to prove that H
is in fact unique up to such conjugation [22]. For the case of a Lorentzian
structure, where G = ISO(2, 1), we are thus led to a space of holonomies
of precisely the form (2.19).

This identification is not a coincidence. Given a (G, X) structure on a
manifold M, it is straightforward to define a corresponding flat G bundle
[24]. To do so, we simply form the product G x U; in each patch—giving
the local structure of a G bundle—and use the transition functions ~;; of
the geometric structure to glue together the fibers on the overlaps. It is
then easy to verify that the flat connection on the resulting bundle has a
holonomy group isomorphic to the holonomy group of the geometric struc-
ture.

We can now try to reverse this process, and use one of the holonomy
groups of eqn (2.19)—approach number 4 to the field equations—to define
a Lorentzian structure on M, reproducing approach number 1. In gen-
eral, this step may fail: the holonomy group of a (G, X) structure is not
necessarily sufficient to determine the full geometry. For spacetimes, it is
easy to see what can go wrong. If we start with a flat 3-manifold M and
simply cut out a ball, we can obtain a new flat manifold without affecting
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the holonomy of the geometric structure. This is a rather trivial change,
however, and we would like to show that nothing worse can go wrong.

Mess [9] has investigated this question for the case of spacetimes with
topologies of the form Rx¥. He shows that the holonomy group determines
a unique ‘maximal’ spacetime M—specifically, a spacetime constructed as a
domain of dependence of a spacelike surface X. Mess also demonstrates that
the holonomy group H acts properly discontinuously on a region W c V2!
of Minkowski space, and that M can be obtained as the quotient space
W/H. This quotient construction can be a powerful tool for obtaining a
description of M in reasonably standard coordinates, for instance in a time
slicing by surfaces of constant mean curvature.

For topologies more complicated than R x 3, I know of very few gen-
eral results. But again, a theorem of Mess is relevant: if M is a compact
3-manifold with a flat, non-degenerate, time-orientable Lorentzian metric
and a strictly spacelike boundary, then M necessarily has the topology
R x X, where ¥ is a closed surface homeomorphic to one of the bound-
ary components of M. This means that for spatially closed 3-dimensional
universes, topology change is classically forbidden, and the full topology is
uniquely fixed by that of an initial spacelike slice. Hence, although more
exotic topologies may occur in some approaches to quantum gravity, it is
not physically unreasonable to restrict our attention to spacetimes R x 3.

To summarize, we now have a procedure—valid at least for spacetimes
of the form R x X—for obtaining a flat geometry from the invariant data
given by Ashtekar—Rovelli-Smolin loop variables. First, we use the loop
variables to determine a point in the cotangent bundle T*N, establishing
a connection to our second approach to the field equations. Next, we
associate that point with an 1.50(2,1) holonomy group H € M, as in our
approach number 4. Finally, we identify the group H with the holonomy
group of a Lorentzian structure on M, thus determining a flat spacetime of
approach number 1. In particular, if we can solve the (difficult) technical
problem of finding an appropriate fundamental region W C V2! for the
action of H, we can write M as a quotient space W/H.

This procedure has been investigated in detail for the case of a torus
universe, RxT?, in [26] and [11]. For a universe containing point particles,
it is implicit in the early descriptions of Deser et al. [27], and is explored
in some detail in [10]. For the (2+1)-dimensional black hole, the geometric
structure can be read off from [28] and [29].'> And although it is never
stated explicitly, the recent work of ’t Hooft [31] and Waelbroeck [32] is
really a description of flat spacetimes in terms of Lorentzian structures.

12For the black hole, a cosmological constant must be added to the field equations.
Instead of being flat, the resulting spacetime has constant negative curvature, and the
geometric structure becomes an (SO(2,2), H?1) structure. A related result for the torus
will appear in [30].
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4 Quantization and geometrical observables

Our discussion so far has been strictly classical. I would like to conclude
by briefly describing some of the issues that arise if we attempt to quantize
(241)-dimensional gravity.

The canonical quantization of a classical system is by no means uniquely
defined, but most approaches have some basic features in common. A classi-
cal system is characterized by its phase space, a 2IN-dimensional symplectic
manifold I', with local coordinates consisting of N position variables and
N conjugate momenta. Classical observables are functions of the positions
and momenta, that is maps f, g, ... from I" to R. The symplectic form 2 on
T determines a set of Poisson brackets { f, g} among observables, and hence
induces a Lie algebra structure on the space of observables. To quantize
such a system, we are instructed to replace the classical observables with
operators and the Poisson brackets with commutators; that is, we are to
look for an irreducible representation of this Lie algebra as an algebra of
operators acting on some Hilbert space.

As stated, this program cannot be carried out: Van Hove showed in
1951 that in general, no such irreducible representation of the full Poisson
algebra of classical observables exists [33]. In practice, we must therefore
choose a subalgebra of ‘preferred’ observables to quantize, one that must be
small enough to permit a consistent representation and yet big enough to
generate a large class of classical observables [34]. Ordinarily, the resulting
quantum theory will depend on this choice of preferred observables, and
we will have to look hard for physical and mathematical justifications for
our selection.

In simple classical systems, there is often an obvious set of preferred
observables—the positions and momenta of point particles, for instance, or
the fields and their canonical momenta in a free field theory. For gravity,
on the other hand, such a natural choice seems difficult to find. In 241
dimensions, where a number of approaches to quantization can be carried
out explicitly, it is known that different choices of variables lead to genuinely
different quantum theories [35, 36, 37].

In particular, each of the four interpretations of the field equations
discussed above suggests its own set of fundamental observables. In the
first interpretation—solutions as flat spacetimes—the natural candidates
are the metric and its canonical momentum on some spacelike surface. But
these quantities are not diffeomorphism invariant, and it seems that the
best we can do is to define a quantum theory in some particular, fixed time
slicing [26, 38, 39]. This is a rather undesirable situation, however, since
the choice of such a slicing is arbitrary, and there is no reason to expect
the quantum theories coming from different slicings to be equivalent.

In our second interpretation—solutions as classes of flat connections and
their cotangents—the natural observables are points in the bundle T*N.
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These are diffeomorphism invariant, and quantization is relatively straight-
forward; in particular, the appropriate symplectic structure for quantiza-
tion is just the natural symplectic structure of T*N as a cotangent bundle.
The procedure for quantizing such a cotangent bundle is well established
[2], and there seem to be no fundamental difficulties in constructing the
quantum theory. But now, just as in the classical theory, the physical
interpretation of the quantum observables is obscure.

It is therefore natural to ask whether we can extend the classical rela-
tionships between these approaches to the quantum theories. At least for
simple topologies, the answer is positive. The basic strategy is as follows.

We begin by choosing a set of physically interesting classical observables
of flat spacetimes. For example, it is often possible to foliate uniquely a
spacetime by spacelike hypersurfaces of constant mean extrinsic curvature
TrK; the intrinsic and extrinsic geometries of such slices are useful ob-
servables with clear physical interpretations. Let us denote these variables
generically as Q(T'), where the parameter T labels the time slice on which
the @ are defined (for instance, T' = TrK).

Classically, such observables can be determined—at least in principle—
as functions of the geometric structure, and thus of the 7.50(2, 1) holonomies

P,
Q= Qlp,T]. (4.1)

We now adopt these holonomies as our preferred observables for quantiza-
tion, obtaining a Hilbert space L?(N) and a set of operators p. Finally, we
translate (4.1) into an operator equation,

Q=Qlp1), (4.2)

thus obtaining a set of diffeomorphism-invariant but ‘time-dependent’ quan-
tum observables to represent the variables (). Some ambiguity will remain,
since the operator ordering in (4.2) is rarely unique, but in the examples
studied so far, the requirement of mapping class group invariance seems to
place major restrictions on the possible orderings [35].

This program has been investigated in some detail for the simplest non-
trivial topology, M = R xT? [26, 35]. There, a natural set of ‘geometric’
variables are the modulus 7 of a toroidal slice of constant mean curvature
TrK =T and its conjugate momentum p,. These can be expressed ex-
plicitly in terms of a set of loop variables that characterize the I150(2,1)
holonomies of the spacetime. Following the program outlined above, one
obtains a l-parameter family of diffeomorphism-invariant operators 7(7T)
and p,(T) that describe the physical evolution of a spacelike slice. The
T-dependence of these operators can be described by a set of Heisenberg
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equations of motion,

v oifad, e

ar ~ T dT

5], (4.3)
with a Hamiltonian H [, P+, T] that can again be calculated explicitly.

Let me stress that despite the familiar appearance of (4.3), the pa-
rameter T is not a time coordinate in the ordinary sense; the operators
7(T) and p,(T) are fully diffeomorphism invariant. We thus have a kind
of ‘time dependence without time dependence’, an expression of dynamics
in terms of operators that are individually constants of motion. For more
complicated topologies, such an explicit construction seems quite difficult,
although Unruh and Newbury have taken some interesting steps in that
direction [40]. Ideally, one would like to find some kind of perturbation
theory for geometrical variables like @, but little progress has yet been
made in this direction.

The specific constructions I have described here are unique to 2+1 di-
mensions, of course. But I believe that some of the basic features are
likely to extend to realistic (3+1)-dimensional gravity. The quantization
of holonomies is a form of ‘covariant canonical quantization’ [41, 42], or
quantization of the space of classical solutions. We do not yet understand
the classical solutions of the (3+1)-dimensional field equations well enough
to duplicate such a strategy, but a similar approach may be useful in mini-
superspace models. The invariant but T-dependent operators 7(7T") and
pr(T) are examples of Rovelli’s ‘evolving constants of motion’ [43], whose
use has also been suggested in (3+1)-dimensional gravity. Finally, our sim-
ple model has strikingly confirmed the power of the Rovelli-Smolin loop
variables. A full extension to 341 dimensions undoubtedly remains a dis-
tant goal, but for the first time in years, there seems to be some real cause
for optimism.
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Abstract

Direct analysis of the Chern-Simons path integral reduces quantum
expectations of unknotted Wilson lines in Chern—Simons theory on
S3 with group G to n-point functions in the WZW model of maps
from S? to G. The reduction hinges on the characterization of A/gn7
the space of connections modulo those gauge transformations which
are the identity at a point n, as itself a principal fiber bundle with
affine-linear fiber.

1 Introduction

In this chapter, I will describe how to reduce the path integral for Chern—
Simons theory on S3 to the path integral for the Wess—Zumino-Witten
(WZW) model for maps from S? to G, where G is the symmetry group of
the Chern—Simons theory. The points I would like to emphasize are, first,
that the Chern—Simons path integral on S is tractable, and, second, that
it provides an unusually direct link between the Chern—Simons theory and
the WZW model. The details I omit appear in [4].

That the two theories are related has been known at least since Witten
first described the geometric quantization of the Chern—Simons theory in
the axial gauge on manifolds of the form R x Y, where ¥ is a Riemann
surface [9]. Although this is frequently described as a path integral ap-
proach, it does not use a direct evaluation of the path integral; rather, the
formal properties of the path integral provide axioms crucial to extending
the theory from R x ¥ to compact 3-manifolds. In this approach, the WZW
model appears in a highly refined form, as the source of a certain modular
functor. That is, one must already know how to solve the WZW model (or
at least know that its solution defines this modular functor) to recognize
its appearance in the Chern—Simons theory.

Treatments of the path integral for Chern—Simons in the axial gauge on
R x ¥ tend to make contact with the WZW model at earlier stages. Moore
and Seiberg [6] proceed with the evaluation of the path integral far enough
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to obtain a path integral over the phase space LG/G. This links the two
theories as theories of the representations of LG/G. Frohlich and King [5]
obtain the Knizhnik—Zamolodchikov equation of the WZW model from the
same gauge-fixed Chern—Simons path integral.

The approach I will describe is novel in that it treats the path integral
on S3 directly, it does not require a choice of gauge, and one need only
know the action of the WZW model, not its solution nor even its current
algebra, to recognize its appearance in the Chern—Simons theory. The key
ingredient is a technique for integrating directly on the space of connections
modulo gauge transformations which I developed to evaluate path integrals
for Yang—Mills on Riemann surfaces [3].

2 The main result

The Chern—Simons path integral to evaluate is
1

== F([ADeSW p, (DA),
Zo Jayg,

(flcs

where A is a connection on the principal bundle P = $3 x G, and S(A) is
the Chern—Simons action:

L Tr(AndA+ Lan [AAA]).

4 S3 3

Here A is the space of smooth connections on P, G, is the space of gauge
transformations which are the identity at the north pole n of S3, p: A —
A/G,, is the standard map to the quotient, DA means the standard measure
on A, and p,(DA) is the push-forward to A/G,,. Note that even the formal
definition of DA requires a metric. Take this to be the standard metric on
3. The WZW path integral for Q*G (based maps from S? to G) is

1 1
(HHwzw = A f(X)eSX DX,
0 JO2G

where the WZW action is

S(X) = % (/S;rr(ax NOX) + %/MTr()?—ld)? AR A )A(‘ld)?])).

Here M is any 3-manifold with M = 57, and X is any extension of X
from S2? to M.
The main result is
3 5 ; So1,0)\3
(fles = Zi/f()()elﬁ fsz Tr(0XAOX)+ith fM Tr(X 1dX) DX
0

)

where X € Q2G, and f explicitly determines f In particular, if f is
a Wilson line, then f is the trace of a product of evaluation-at-a-point
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N

Fia. 1. The path ~(e)

maps. That is, the Chern—-Simons path integral directly reduces to the
path integral for a WZW model of based maps from S? to G.
The technique is as follows:

1. Characterize A/ G,, as a bundle over Q2@ with affine-linear fibers.
2. Integrate along the fiber over each point X € Q2@G.
3. Recognize the resulting ‘measure’ on Q%G as a WZW path integral.

3 A/G, as a bundle over Q°G

For each connection A, and each point e € S?, define £4(e) by holonomy
about paths y(e) of the form pictured in Fig. 1. That is, vy(e) follows a
longitude from the north pole n to the south pole s through a fixed point eg
of the equator and then returns along the longitude through the (variable)
point e. Relative to a basepoint in the fiber over n, £4(e) lies in G. As e
varies throughout the equator (identified with S?), £4(e) defines, for each
A, amap from S? to G. Since £4(eg) = 1, it is a based map, so £4 € Q2G.
Moreover, since a gauge transformation affects holonomy about y(e) by
conjugation by the value of the gauge transformation at n, {gea = £4 for
¢ € Gp,. Thus the assignment [A] — &4 defines a mapping € : A/G, — Q2G
which will serve as our projection.

Turn now to the fiber of . Clearly, €44+ = €4 if 7 vanishes along the
longitudes of Fig. 1. If Py : A'(S?,g) — A'(S3,g) denotes projection to
the longitudinal part, the space of such 7 is ker Py. In fact, the fiber over
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&4 is the set of orbits
{[A+7]:7 €ker Ry}. (3.1)

Thus the fiber is the affine version of the linear space ker Py, and the
connection A in the above presentation represents a choice of origin in the
fiber.

The image of £ is all of Q2G. To see this, use a homotopy from X
to the identity to determine lifts to P of the family of paths v(e) in S3
which defined €. (Such a homotopy exists, because m2(G) = 0 for any
Lie group G). This determines PyA such that £(A) = X. This is a slight
refinement of [7] and [1], which describe a homotopy equivalence between
A/G,. for bundles over S* and Q3G. The reason to redo this is to describe
the (topologically trivial) fiber in an explicit manner.

According to eqn 3.1, the integral over the fiber looks like

Igper (X) = det'/*(D3 Py Da) / F[A+ 7])e A+ Dr,

The determinant factor relates p.(DA) on the fiber to the metric-compatible
measure D7. The action along the fiber is, after an integration by parts,
k
S’(A—FT):S’(A)—F—[/ Tr (T ADaT+2FaNT)+ TK(A/\T)]7
dr | oM

where, for reasons which will soon be clear, the boundary contribution is
retained. To integrate over the fiber, choose a specific origin [A] to remove
the linear term.

One such choice is determined by
A=X"dX,

where X : 3 — G is parallel transport by A along the longitudinal paths
~v(e) used in defining €. Note that X is not well defined at n. In fact
X lo = X, where |, is the restriction to a small 2-sphere approaching n.
Thus A is not continuous at n (nor is any other such choice), so to keep
A + 7 smooth requires

rlo == A =-x"lax.
0

With this choice, the boundary term vanishes, and

S(A+71)=S(A)+ %/SS Tr(r A DaT).

The integral over the fiber becomes

Iiber(X) = det/? (D PyD)e 5 //\ fA+r)els JeGADan) Dr,
ker Py
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where ke/r\Po denotes elements of ker Py with the prescribed discontinuity

s
at n. Now assume f is independent of 7 and consider [ '3~ Jaban)

But for the discontinuity at n, this would be standard. The result would be
a determinant times the exponential of the eta-invariant as in [8] and [9)].
Repeating these arguments, which refer to a finite-dimensional analog, with
a minor variation to account for the discontinuity, will evaluate Igpe,. The
metric on A'(S3,g) restricts to ker Py to define a decomposition (of its
complexification) ker P{’ = A @ A_, in terms of which

/Tr(T ADy7)=2 | Tr(ry A Dat-) — Tr(T— A Ty)
S8 S2

=2 [ Tr(rs ADat-)+ [ Tr(0X AOX).
S3 S2

Model this by a vector space V = V @ V_ with a linear mapping 7: V3 —
(V£)*. Add a small quadratic term, and integrate to find

/e2i(T'u,,'u+) DU_DU+ _ d€t71/2 (TjT_) .

The determinant analogous to the right-hand side is that of P_D}DsP_
acting on elements of ker Py which vanish at n. Now, regularize and account
for negative eigenvalues using the eta-invariant; that is, take

det™? |P_D;DyP_|e 510,

where 77(0) is the eta-invariant, as the analogue for det™1/2 (TfT_). Then

1 * - —
Tiper (X) = deltz (DiPoDa) o—iEn(0) ,iS(A) i [ THOXN0X)
det? |P_DiD4P. |

Performing the integration over the fibers in the path integral for (f),
assuming f constant along the fibers, thus gives

1
1 o 5x) det? (DjPyDa) =
(f) = Z_O/f(A)ezS(A)e £ [T (0x0X) (DiPoDa) e En0)

det? |P_DiDaP-|

where fias0 15 the measure on Q?G induced by the metric on A/ G, To
interpret this in terms of Q2@ requires four observations:
- ~ N\ 3
_ _k -1
$(4) = 14 fo Tr (X 14X .
Upase = constant x DX.
Each determinant is constant along the base in A/G .

- W=

f can be expressed as a function f of X.



118 Dana S. Fine

F1G. 2. The path whose holonomy is X (e1) ™1 X (ez)
Absorbing everything independent of X into Zj, then,
Fos = Zio/f(X)eiﬁ Joa THOXNOX) ik [, Tr()/(\’ld)/(\)s DX,
as claimed.

4 An explicit reduction from Chern—Simons to WZW

Let R be a representation of GG, and let Wgx denote the Wilson line corre-
sponding to the longitudinal path indicated in Fig. 2. Then

Wr) s =

Zi Trp (X(er) ' X (e2) i [ TOXAIX) ik [ Tr(X1aX)’ ox
0

= (Trr (X (e1) "' X (€2)) )yyaw -

As a description of the relation between Chern-Simons theory on S
and the WZW for Q2G, this work is nearly complete. However, as an eval-
uation of the Chern—Simons path integral it lacks an essential component;
namely, an evaluation of the WZW path integral appearing on the right-
hand side of the above equation. For expectations of evaluation-at-a-point
maps, the WZW path integral is tractable, at least formally, but this is
work in progress. The basic idea is to reinterpret X € Q%G as an element
of Path(QG) with some constraints on its endpoint values. Then, the WZW
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path integral becomes a path integral for quantum mechanics on QG. At
a formal level, expectations of evaluation-at-a-point maps are given by the
Feynman-Kac formula. Formal calculations lead to some promising pre-
liminary observations such as (complicated unknot) = (unknot). However,
to come up with an explicit evaluation of even (unknot) requires going be-
yond formal properties to a more detailed understanding of the heat kernel
on QG.
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Abstract

Motivated by the similarity between CSW theory and the Chern—
Simons state for general relativity in the Ashtekar variables, we ex-
plore what a universe would look like if it were in a state correspond-
ing to a 3d TQFT. We end up with a construction of propagating
states for parts of the universe and a Hilbert space corresponding to a
certain approximation. The construction avoids path integrals, using
instead recombination diagrams in a very special tensor category.

1 Introduction

What I wish to propose is that the quantum theory of gravity can be
constructed from a topological field theory. Notice, I do not say that it is
a topological field theory. Physicists will be quick to point out that there
are local excitations in gravity, so it cannot be topological.

Nevertheless, the connections between general relativity in the loop
formulation and the CSW TQFT are very suggestive. Formally, at least,
the CSW action term

o [ Te(ANAA+FANANA) (1.1)
gives a state for the Ashtekar variable version of quantized general relativ-
ity, as mentioned previously in this volume. That is, we can think of this
‘measure’ on the space of connections on a 3-manifold either as defining a
theory in 3 dimensions, or as a state in a 4d theory, which is GR with a
cosmological constant.

Furthermore, states for the Ashtekar or loop variable form of GR are
very scarce, unless one is prepared to consider states of zero volume. Fi-
nally, one should note that a number of very talented workers in the field
have searched in vain for a Hilbert space of states in either representation.

If one attempts to use the loop variables to quantize subsystems of
the universe, one ends up looking at functionals on the set of links in a
3-manifold with boundary with ends on the boundary. It turns out in
regularizing that the links need to be framed, and one can trace them in
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any representation of SU(2), so they need to be labelled. The coincidence
of all this with the picture of 3d TQFT was the initial motivation for this
work.

Another point, which seems important, is that although path integrals
in general do not exist, the CSW path integral can be thought of as a
symbolic shorthand for a 3d TQFT which can be rigorously defined by
combining combinatorial topology with some very new algebraic structures,
called modular tensor categories. Thus, if we want to explore (1.1) as a
state for GR, we have the possibility of switching from the language of
path integrals to a finite, discrete picture, where physics is described by
variables on the edges of a triangulation.

Physics on a lattice is nothing new. What is new here is that the choice
of lattice is unimportant, because the coefficients attached to simplices are
algebraically special. Thus we do not have to worry about a continuum
limit, since a finite result is exact.

Motivated by these considerations, I propose to consider the hypothesis:

Conjecture The universe is in the CSW state.

This idea is similar to the suggestion of Witten that the CSW theory
is the topological phase of quantum gravity [2]. My suggestion differs from
his in assuming that the universe is still in the topological phase, and that
the concrete geometry we see is not the result of a fluctuation of the state of
the universe as a whole, but rather due to the collapse of the wave packet in
the presence of classical observers. As I shall explain below, the machinery
of CSW theory provides spaces of states for parts of the universe, which
I interpret as the relative states an observer might see. This suggestion is
closely related to the many-worlds interpretation of quantum mechanics:
the states on surfaces are data in one particular world. The state of the
universe is the sum of all possible worlds, which takes the elegant form of
the CSW invariant of links, or more concretely, of the Jones polynomial or
one of its generalizations.

During the talk I gave at the conference one questioner pointed out,
quite correctly, that it is not necessary to make this conjecture, since other
states exist. Let me emphasize that it is only a hypothesis. I think it is fair
to say that it leads to more beautiful mathematics than any other I know
of. Whether that is a good guide for physics, only time will tell.

Topological quantum field theory in dimensions 2, 3, and 4 is leading
into an extraordinarily rich mathematical field. In the spirit of the drunk-
ard who looks for his keys near a street light, I have been thinking for
several years about an attempt to unite the structures of TQFT with a
suitable reinterpretation of quantum mechanics for the entire universe. I
believe that the two subjects resemble one another strongly enough that
the program I am outlining becomes natural.
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2 Quantum mechanics of the universe. Categorical
physics

I want to propose that a quantum field theory is the wrong structure to
describe the entire universe. Quantum field theory, like quantum mechanics
generally, presupposes an external classical observer. There can be no
probability interpretation for the whole universe. In fact, the state of the
universe cannot change, because there is no time, except in the presence
of an external clock. Since the universe as a whole is in a fixed state, the
quantum theory of the gravitational field as a whole is not a physical theory.
It describes all possible universes, while the task of a physical theory is to
explain measurements made in this universe in this state. Thus, what is
needed is a theory which describes a universe in a particular state. This is
similar to what some researchers, such as Penrose, have suggested: that the
initial conditions of the universe are determined by the laws. What I am
proposing is that the initial conditions become part of the laws. Naturally,
this requires that the universe be in a very special state.

Philosophically, this is similar to the idea of a wave function of the
universe. One can phrase this proposal as the suggestion that the wave
function of the universe is the CSW functional. There is also a good deal
here philosophically in common with the recent paper of Rovelli and Smolin
[23]. Although they do not assume the universe is in the CSW state, they
couple the gravitational field to a particular matter field, which acts as a
clock, so that the gravitational field is treated as only part of a universe.

What replaces a quantum field theory is a family of quantum theories
corresponding to parts of the universe. When we divide the universe into
two parts, we obtain a Hilbert space which is associated to the boundary
between them. This is another departure from quantum field theory; it
amounts to abandonment of observation at a distance.

The quantum theories of different parts of the universe are not, of
course, independent. In a situation where one observer watches another
there must be maps from the space of states which one observer sees to the
other. Furthermore, these maps must be consistent. If A watches B watch
C watch the rest of the universe, A must see B see C see what A sees C
see.

Since, in the Ashtekar/loop variables the states of quantum gravity
are invariants of embedded graphs, we allow labelled punctures on the
boundaries between parts of the universe, and include embedded graphs in
the parts of the universe we study, i.e. in 3-manifolds with boundary.

The structure we arrive at has a natural categorical flavor. Objects are
places where observations take place, i.e. boundaries; and morphisms are
3d cobordisms, which we think of as A observing B.

Let us formalize this as follows:

Definition 2.1 An observer is an oriented 3-manifold with boundary
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containing an embedded labelled framed graph which intersects the boundary
in 1solated labelled points.

(The labelling sets for the edges and vertices of the graph are finite,
and need to be chosen for all of what ensues.)

Definition 2.2 A skin of observation is a closed oriented surface
with labelled punctures.

Definition 2.3 If A and B are skins of observation an inspection, a,
of B by A is an observer whose boundary is identified with AU B (i.e.
reverse the orientation on A) such that the labellings of the components of
the graph which reach the boundary of o match the labellings in AU B.

This definition requires that the set of labellings possess an involution
corresponding to reversal of orientation on a surface.

To every inspection « of B by A there corresponds a dual inspection of
‘A by B, given by reversing orientation and dualizing on «.

Definition 2.4 The category of observation is the category whose
objects are skins of observation and whose morphisms are inspections.

Definition 2.5 If M3 is a closed oriented 3-manifold the category of
observation in M3 is the relative (i.e. embedded) version of the above.

Of course, we can speak of observers, etc., in M3.

Definition 2.6 A state for quantum gravity (in M?3) is a functor
from the category of observation (in M3) to the category of vector spaces.

Nowhere in any of this do we assume that these boundaries are con-
nected. In fact, the most important situation to study may be one in
which the universe is crammed full of a ‘gas’ of classical observers. We
shall discuss this situation below as a key to a physical interpretation of
our theory.

If we examine the mathematical structure necessary to produce a ‘state’
for the universe in this sense, we find that it is identical to a 3d TQFT.
Thus, the CSW state produces a state in this new sense as well.

Another way to look at this proposal is as follows: the CSW state for the
Ashtekar variables is a very special state, in that it factorizes when we cut
the 3-manifold along a surface with punctures, so that a finite-dimensional
Hilbert space is attached to each such surface, and the invariant of any link
cut by the surface can be expressed as the inner product of two vectors
corresponding to the two half links. (John Baez has pointed out that these
finite-dimensional spaces really do possess natural inner products.) Thus,
it produces a ‘state’ also in the sense we have defined above.

I interpret this as saying that the state of the universe is unchanging,
but that because the universe is in a very special state, it can contain a
classical world, i.e. a family of classical observers with consistent mutual
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observations. The states on pieces of the universe (i.e. links with ends in
manifolds with boundary) can be interpreted as changing, once we learn to
interpret vectors in the Hilbert spaces as clocks.

So far, we have a net of finite-dimensional Hilbert spaces, rather than
one big one, and no idea how to reintroduce time in the presence of ob-
servers. There are natural things to try for both of these problems in the
mathematical context of TQFT.

Before going into a program for solving these problems (and thereby
opening the possibility of computing the results of real experiments) let us
make a survey of the mathematical toolkit we inherit from TQFT.

3 Ideas from TQFT

As we have indicated, the notion of a ‘state of quantum gravity’ we defined
above is equivalent to the notion of a 3d TQFT which is currently prevalent
in the literature.

The simplest definition of a 3d TQFT is that it is a machine which
assigns a vector space to a surface, and a linear map to a cobordism between
two surfaces. The empty surface receives a 1-dimensional vector space, so
a closed 3-manifold gets a numerical invariant. Composition of cobordisms
corresponds to composition of the linear maps. A more abstract way to
phrase this is that a TQFT is a functor from the cobordism category to
the category of vector spaces.

The TQFTs which have appeared lately are richer than this. They as-
sign vector spaces to surfaces with labelled punctures, and linear maps to
cobordisms containing links or knotted graphs with labelled edges. The
labels correspond to representations. Since it is easy to extend the loop
variables to allow traces in arbitrary representations (characters), there is
a great deal of coincidence in the pictures of CSW TQFT and the loop
variables. (That constituted much of the initial motivation for this pro-
gram.) We can describe this as a functor from a richer cobordism category
to Vect. The objects in the richer cobordism category are surfaces with
labelled punctures, and the morphisms are cobordisms containing labelled
links with ends on the punctures.

There are several ways to construct TQFTs in various dimensions. Let
us here discuss the construction of a TQFT from a triangulation. We assign
labels to edges in the triangulation, and some sort of factors combining the
edge labels to different dimensional simplices in the triangulation, multiply
the factors together, and sum over labellings.

In order to obtain a topologically invariant theory, we need the combi-
nation factors to satisfy some equations. The equations they need to satisfy
are very algebraic in nature; as we go through different classes of theories in
different low dimensions we first rediscover most of the interesting classes
of associative algebras, then of tensor categories [19].
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Fic. 1. Move for 2d TQFT

A simple example in two dimensions may explain why the equations for
a topological theory have a fundamental algebraic flavor. For a 2d TQFT
defined from a triangulation, we need invariance under the move in Fig. 1.

Now, if we think of the coefficients which we use to combine the labels
around a triangle as the structure coefficients of an algebra, this is exactly
the associative law. Much of the rest of classical abstract algebra makes
an appearance here too.

As has been described elsewhere [3], a 3d TQFT can be constructed
from a modular tensor category. The interesting examples of MTCs can
be realized as quotients of the categories of representations of quantum
groups.

If we try to use the modular tensor categories to construct a TQFT on
a triangulation, we obtain, not the CSW theory, but the weaker TQFT of
Turaev and Viro [20]. Here we label edges, not from a basis for an algebra,
but with irreducible objects from a tensor category. The combinations we
attach to tetrahedra (3-simplices) are the quantum 6 symbols, which come
from the associativity isomorphisms of the category.

We refer to this sort of formula as a state summation.

The full CSW theory can also be reproduced from a modular tensor
category by a slightly subtler construction which uses a Heegaard splitting
(which can be easily produced from a triangulation) [3].

The quantum 65 symbols satisfy some identities, which imply that the
summation formula for a 3-manifold is independent under a change of the
triangulation. The most interesting of these is the Elliot-Biedenharn iden-
tity. This identity is the consistency relation for the associativity isomor-
phism of the MTC. This is another example of the marriage between algebra
and topology which underlies TQFT.

The suggestion that this sort of summation could be related to the
quantum theory of gravity is older than one might think. If we use the
representations of an ordinary Lie group instead of a quantum group, then
the Turaev—Viro formula becomes the Ponzano—Regge formula for the eval-
uation of a spin network.

Ponzano and Regge [9], were able to interpret the evaluation as a sort
of discrete path integral for 3d Euclidean quantum gravity. The formula
which Regge and Ponzano found for the evaluation of a graph is the analog
for a Lie group of the state sum of Turaev and Viro for a quantum group.
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Thus, the evaluation of a tetrahedron for a spin network is a 65 symbol for
the group SU(2):

> I dimG) J] {65} (3.1)

labellings internal edges tetrahedra

The topological invariance of this formula follows from some elementary
properties of representation theory. In (3.1), we have placed our trivalent
labelled graph on the boundary of a 3-manifold with boundary, and then
cut the interior up into tetrahedra, labelling the edges of all the internal
lines with arbitrary spins. (The Clebsch—Gordan relations imply that only
finitely many terms in (3.1) are nonzero.)

Ponzano and Regge then proceeded to interpret (3.1) as a discretized
path integral for 3d quantum GR. The geometric interpretation consisted
in thinking of the Casimirs of the representations as lengths of edges. Rep-
resentation theory implied that the summation was dominated by flat ge-
ometries [9].

Another way to think of the program in this chapter is as an attempt
to find the appropriate algebraic structure for extending the spin network
approach to quantum gravity from d=3 to d=4.

Another idea from TQFT, which seems to have relevance for this phys-
ical program, is the ladder of dimensions [19]. TQFTs in adjacent dimen-
sions seem to be related algebraically. The spirit of the relationship is like
the relationship of a tensor category to an algebra. Tensor categories look
just like algebras with the operation symbols in circles. The identities of
an algebra correspond to isomorphisms in a tensor category. These isomor-
phisms then satisfy higher-order consistency or ‘coherence’ relations, which
relate to topology up 1 dimension.

The program of construction in TQFT, which I hope will yield the
tools for the quantization of general relativity, is not yet completed, but
is progressing rapidly. There are two outstanding problems, which are
mathematically natural, and which I believe are crucial to the physical
problem as well. They are:

Topological problem 1 Find a triangulation version of CSW theory (not
merely its absolute square as in [20]).

Topological problem 2 Construct a 4d TQFT related via the dimensional
ladder to CSW theory.

The solution of these two problems will be in reach, if the program in
[19] succeeds. The program of [19] also suggests that the solutions of these
two topological problems are closely related, both being constructed from
state sums involving the same new algebraic tools.

In this context we should also note that a 4d TQFT has been con-
structed in [21], out of a modular tensor category. This construction begins
with a triangulation of a 4-manifold, and picks a Heegaard splitting for the
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boundary of each 4-simplex of the triangulation. Thus the theory in [21]
can be thought of as producing a 4d theory by filling the 4-space with a
network of 3d subspaces containing observers. This connection between
TQFTs in 3 dimensions and 4 dimensions is the sort of thing I believe
we will need to solve the problem of reintroducing time in a universe in a
TQFT state. What I expect is that the program of [19] will provide richer
examples of such a connection, which will prove to be relevant to quantizing
general relativity.

What we conjecture in [19] is that a new algebraic structure will give
us a new state summation, similar to the one we discussed above, which
will give us CSW in 3 dimensions. If we use the new summation in 4
dimensions, we should obtain a discrete version of F A F' theory. This
combination seems very suggestive, since we are supposed to be obtaining
our relative states from CSW theory on a boundary, while F' A F' theory
is a Lagrangian for the topological sector for the quantum theory of GR
[22]. Also, the algebraic structure we need to construct seems to be an
expanded quantum version of the Lorentz group. It is this new, not yet
understood summation, which comes from the representation theory of the
new structure which we call an F' algebra in [19], which I believe should
give us a discretized version of a path integral for quantum gravity.

4 Hilbert space is dead—Ilong live Hilbert space
or the observer gas approximation

Let us assume that we have found a suitable state summation formula
to solve our two topological problems (so that what we suggest will be
predicated on the success of the program in [19], although one could also
try to use the state sum in [21] together with Turaev—Viro theory). There
is a natural proposal to make a physical interpretation within it in a 4-
dimensional setting. In the scheme I am suggesting, we can recover a
Hilbert space in a certain sort of classical limit, in which the universe is full
of a ‘gas’, of classical observers. The idea is that if we choose a triangulation
for the 4-manifold and a Heegaard splitting for the boundary of each 4-
simplex, then we obtain a family of 2-surfaces which can be thought of as
filling up the 4-manifold. These surfaces should be thought of as skins of
observation for a family of observers who are crowding the spacetime. Now
let us think of a 4-manifold with boundary. In a 3-dimensional boundary
component, we can then combine the vector spaces which we assign to
the surfaces which cut the boundaries of those 4-simplices lying on the
boundary into a larger Hilbert space, which is a quotient of their tensor
product. (It is a quotient because the surfaces overlap.) Now, if we pass
to a finer triangulation, we will obtain a larger space, with a linear map
to the smaller one. The linear map comes from the fact that we are using
a 3d TQFT, and the existence of 3d cobordisms connecting pieces of the
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surfaces of the two sets of Heegaard splittings.

We end up with a large vector space for each triangulation of the bound-
ary 3-manifold, and a linear map when one triangulation is a refinement
of another. This produces a directed graph of vector spaces and linear
maps associated to a 3-manifold. The 4d state sum can be extended to act
on the vectors in these vector spaces by extending a triangulation for the
boundary 3-manifold to one for the 4-manifold.

Whenever we have a directed set of vector spaces and consistent linear
maps, there is a construction called the inverse limit which can combine
them into a single vector space. The vectors are vectors in any of the spaces,
with images under the maps identified. Since the 4d state sum is assumed
to be topologically invariant, we can extend the linear map it assigns to
a 4d cobordism to a map on the inverse limit spaces. I propose that it is
these inverse limit spaces which play the role of the physical Hilbert spaces
of the theory.

The thought here is that physical Hilbert space is the union of the
finite-dimensional spaces which a gas of observers can see, in the limit of
an infinitely dense gas.

The effect of this suggestion is to reverse the relationship between the
finite-dimensional spaces of states which each observer can actually see
and the global Hilbert space. We are regarding the states which can be
observed at one skin of observation as primary. This ‘relational” approach
bears some resemblance to the physical ideas of Leibniz, although that is
not an argument for it.

5 The problem of time

The test of this proposal is whether it can reproduce Einstein’s equations
in some classical limit. What I am proposing is that the 4d state sum
which I hope to construct from the representation theory of the F' algebra
can be interpreted as a discretized version of the path integral for general
relativity. The key question is whether the state sum is dominated in
the limit of large spins on edges by assignments of spins whose geometric
interpretation would give a discrete approximation to an Einstein manifold.
This would mean that the theory was a quantum theory whose classical
limit was general relativity.

The analogy with the work of Ponzano and Regge is the first suggestion
that this program might work. In [9], they interpreted the summation we
wrote down above as a discretized path integral for 3d quantum gravity.
The geometric interpretation consisted in thinking of the Casimirs of rep-
resentations as lengths. It was somewhat easier to get Einstein’s equations
in d = 3, since the solutions are just flat metrics.

Should this program work? One objection, which was raised in the
discussion, is that the F' A F' model may only be a sector of quantum
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gravity in some weak sense. (I am restating this objection somewhat, in
the absence of the questioner.) It can be replied that since the theory
we are writing has the right symmetries, the action of the renormalization
group should fix the Lagrangian. I do not think that either the objection or
the reply is decisive in the abstract. If the state sum suggested in [19] can
be defined, then we can investigate whether we recover Einstein’s equation
or not.

If this does work, one could do the state sum on a 4-manifold with
corners, i.e. fix states on surfaces in the 3-dimensional boundaries of a 4d
cobordism. One could interpret these states as initial conditions for an
experiment, and investigate the results by studying the propagation via
the 4d state sum.

One could conjecture that this would give a spacetime picture for the
evolution of relative states within the framework of the CSW state of the
universe.

6 Matter and symmetry

It is natural to ask whether this picture could be expanded to include
matter fields. The obvious thing to try is to pass from SU(2) to a larger
group. It may be noted that Peldan [12] has observed that the CSW state
also satisfies the Yang—Mills equation. If we really get a picture of gravity
from the state sum associated to SU(2), it would not be a great leap to try
a larger gauge group.

As T was writing this I became aware of [24], in which Gambini and
Pullin point out that the CSW state is also a state for GR coupled to
electromagnetism. They also say that the sources for such a theory, thought
of as places where links have ends, are necessarily fermionic. These results
seem to strengthen further the program set forth here.

In general, the constructions which lead up to the F algebras in [19]
can be thought of as expressions of ‘quantum symmetry’, i.e. as relatives
of Lie groups in a quantum context. For example, the modular tensor
categories can be described as deformed Clebsch—Gordan coefficients. The
F algebras arise as a result of pushing this process further, recategori-
fying the categories into 2-categories. These constructions can also be
done from extremely simple starting points, looking at representations of
Dynkin diagrams as ‘quivers’. The idea that theories in physics should be
reconstructed from symmetries actually originated with Einstein, who was
thinking of general relativity. It would be fitting somehow to reconstruct
truly fundamental theories of physics from fundamental mathematical ex-
pressions of symmetries.
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Abstract

The loop representation of quantum gravity has many formal resem-
blances to a background-free string theory. In fact, its origins lie
in attempts to treat the string theory of hadrons as an approxima-
tion to QCD, in which the strings represent flux tubes of the gauge
field. A heuristic path-integral approach indicates a duality between
background-free string theories and generally covariant gauge theo-
ries, with the loop transform relating the two. We review progress
towards making this duality rigorous in three examples: 2d Yang-
Mills theory (which, while not generally covariant, has symmetry
under all area-preserving transformations), 3d quantum gravity, and
4d quantum gravity. SU(N) Yang-Mills theory in 2 dimensions has
been given a string-theoretic interpretation in the large-N limit, but
here we provide an exact string-theoretic interpretation of the theory
on R x S* for finite N. The string-theoretic interpretation of quan-
tum gravity in 3 dimensions gives rise to conjectures about integrals
on the moduli space of flat connections, while in 4 dimensions there
may be relationships to the theory of 2-tangles.

1 Introduction

The notion of a deep relationship between string theories and gauge theo-
ries is far from new. String theory first arose as a model of hadron interac-
tions. Unfortunately this theory had a number of undesirable features; in
particular, it predicted massless spin-2 particles. It was soon supplanted
by quantum chromodynamics (QCD), which models the strong force by an
SU(3) Yang—Mills field. However, string models continued to be popular as
an approximation of the confining phase of QCD. Two quarks in a meson,
for example, can be thought of as connected by a string-like flux tube in
which the gauge field is concentrated, while an excitation of the gauge field
alone can be thought of as a looped flux tube. This is essentially a modern
reincarnation of Faraday’s notion of ‘field lines’, but it can be formalized
using the notion of Wilson loops. If A denotes the vector potential, or
connection, in a classical gauge theory, a Wilson loop is simply the trace
of the holonomy of A around a loop 7y in space, typically written in terms
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of a path-ordered exponential

Teped 4,

If instead A denotes the vector potential in a quantized gauge theory, the
Wilson loop may be reinterpreted as an operator on the Hilbert space of
states, and, at least heuristically, applying this operator to the vacuum
state one obtains a state in which the Yang-Mills analog of the electric
field flows around the loop ~.

In the late 1970s, Makeenko and Migdal, Nambu, Polyakov, and others
[40, 45] attempted to derive equations of string dynamics as an approxi-
mation to the Yang—Mills equation, using Wilson loops. More recently, D.
Gross and others [26, 27, 37, 38, 39] have been able to reformulate Yang—
Mills theory in 2-dimensional spacetime as a string theory by writing an
asymptotic series for the vacuum expectation values of Wilson loops as a
sum over maps from surfaces (the string worldsheet) to spacetime. This
development raises the hope that other gauge theories might also be iso-
morphic to string theories. For example, recent work by Witten [56] and
Periwal [44] suggests that Chern—Simons theory in 3 dimensions is also
equivalent to a string theory.

String theory eventually became popular as a theory of everything be-
cause the massless spin-2 particles it predicted could be interpreted as the
gravitons one obtains by quantizing the spacetime metric perturbatively
about a fixed ‘background’ metric. Since string theory appears to avoid the
renormalization problems in perturbative quantum gravity, it is a strong
candidate for a theory unifying gravity with the other forces. However,
while classical general relativity is an elegant geometrical theory relying
on no background structure for its formulation, it has proved difficult to
describe string theory along these lines. Typically one begins with a fixed
background structure and writes down a string field theory in terms of this;
only afterwards can one investigate its background independence [58]. The
clarity of a manifestly background-free approach to string theory would be
highly desirable.

On the other hand, attempts to formulate Yang—Mills theory in terms of
Wilson loops eventually led to a full-fledged ‘loop representation’ of gauge
theories, thanks to the work of Gambini and Trias [22], and others. After
Ashtekar [1] formulated quantum gravity as a sort of gauge theory using
the ‘new variables’, Rovelli and Smolin [49] were able to use the loop rep-
resentation to study quantum gravity non-perturbatively in a manifestly
background-free formalism. While superficially quite different from mod-
ern string theory, this approach to quantum gravity has many points of
similarity, thanks to its common origin. In particular, it uses the device
of Wilson loops to construct a space of states consisting of ‘multiloop in-
variants’, which assign an amplitude to any collection of loops in space.
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The resemblance of these states to wavefunctions of a string field theory is
striking. It is natural, therefore, to ask whether the loop representation of
quantum gravity might be a string theory in disguise—or vice versa.

The present paper does not attempt a definitive answer to this question.
Rather, we begin by describing a general framework relating gauge theories
and string theories, and then consider a variety of examples. Our treatment
of examples is also meant to serve as a review of Yang—Mills theory in 2
dimensions and quantum gravity in 3 and 4 dimensions.

In Section 2 we describe how the loop representation of a generally
covariant gauge theory is related to a background-free closed string field
theory. We take a very naive approach to strings, thinking of them simply
as maps from a surface into spacetime, and disregarding any conformal
structure or fields propagating on the surface. We base our treatment
on the path integral formalism, and in order to simplify the presentation
we make a number of overoptimistic assumptions concerning measures on
infinite-dimensional spaces such as the space .A/G of connections modulo
gauge transformations.

In Section 3 we consider Yang-Mills theory in 2 dimensions as an ex-
ample. In fact, this theory is not generally covariant, but it has an infinite-
dimensional subgroup of the diffeomorphism group as symmetries, the
group of all area-preserving transformations. Rather than the path in-
tegral approach we use canonical quantization, which is easier to make
rigorous. Gross, Taylor, and others [17, 26, 27, 37, 38| have already given
2-dimensional SU(N) Yang-Mills theory a string-theoretic interpretation
in the large- NV limit. Our treatment is mostly a review of their work, but we
find it to be little extra effort, and rather enlightening, to give the theory
a precise string-theoretic interpretation for finite N.

In Section 4 we consider quantum gravity in 3 dimensions. We review
the loop representation of this theory and raise some questions about inte-
grals over the moduli space of flat connections on a Riemann surface whose
resolution would be desirable for developing a string-theoretic picture of
the theory. We also briefly discuss Chern—Simons theory in 3 dimensions.

These examples have finite-dimensional reduced configuration spaces,
so there are no analytical difficulties with measures on infinite-dimensional
spaces, at least in canonical quantization. In Section 5, however, we con-
sider quantum gravity in 4 dimensions. Here the classical configuration
space is infinite dimensional and issues of analysis become more impor-
tant. We review recent work by Ashtekar, Isham, Lewandowski, and the
author [3, 4, 10] on diffeomorphism-invariant generalized measures on A/G
and their relation to multiloop invariants and knot theory. We also note
how a string-theoretic interpretation of the theory leads naturally to the
study of 2-tangles.
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2 String field/gauge field duality

In this section we sketch a relationship between string field theories and
gauge theories. We begin with a non-perturbative Lagrangian description
of background-free closed string field theories. From this we derive a Hamil-
tonian description, which turns out to be mathematically isomorphic to the
loop representation of a generally covariant gauge theory. We emphasize
that while our discussion here is rigorous, it is schematic, in the sense that
some of our assumptions are not likely to hold precisely as stated in the
most interesting examples. In particular, by ‘measure’ in this section we
will always mean a positive regular Borel measure, but in fact one should
work with a more general version of this concept. We discuss these analyt-
ical issues more carefully in Section 5.

Consider a theory of strings propagating on a spacetime M that is
diffeomorphic to R x X, with X a manifold we call ‘space’. We do not
assume a canonical identification of M with Rx X, or any other background
structure (metric, etc.) on spacetime. We take the classical configuration
space of the string theory to be the space M of multiloops in X:

M= M,

n>0

with
M., = Maps(nS*, X).

Here nS! denotes the disjoint union of n copies of S, and we write ‘Maps’
to denote the set of maps satisfying some regularity conditions (continuity,
smoothness, etc.) to be specified. Let Dy denote a measure on M and
let Fun(M) denote some space of square-integrable functions on M. We
assume that Fun(M) and the measure D7y are invariant both under diffeo-
morphisms of space and reparametrizations of the strings. That is, both the
identity component of the diffeomorphism group of X and the orientation-
preserving diffeomorphisms of nS! act on M, and we wish Fun(M) and
D~ to be preserved by these actions.

Introduce on Fun(M) the ‘kinematical inner product’, which is just the
L? inner product

(6, Ypin = /M T(1é(7) D.

We assume for convenience that this really is an inner product, i.e. it is
non-degenerate. Define the ‘kinematical state space’ Hy;,, to be the Hilbert
space completion of Fun(M) in the norm associated to this inner product.

Following ideas from canonical quantum gravity, we do not expect Hg;,
to be the true space of physical states. In the space of physical states, any
two states differing by a diffeomorphism of spacetime are identified. The
physical state space thus depends on the dynamics of the theory. Taking a
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Lagrangian approach, dynamics may be described in terms of path integrals
as follows. Fix a time ¢ > 0. Let P denote the set of ‘histories’, that is
maps f:3X — [0,t] x X, where ¥ is a compact oriented 2-manifold with
boundary, such that

fF(E)No([0,1] x X) = f(9%).

Given v, € M, we say that f € P is a history from v to v if f:¥ —
[0,¢] x X and the boundary of ¥ is a disjoint union of circles nS! UmS?,
with

fInSt=~,  flmS' =+

We fix a measure, or ‘path integral’, on P(v,v’). Following tradition, we
write this as e’ ()Df, with S(f) denoting the action of f, but ¢*/) and
Df only appear in the combination e**(/)Df. Since we are interested in
generally covariant theories, this path integral is assumed to have some
invariance properties, which we note below as they are needed.

Using the standard recipe in topological quantum field theory, we define
the ‘physical inner product’ on Hy;, by

= Wb N e#S(f) /
W= [ [ [ T psmDy

assuming optimistically that this integral is well defined. We do not ac-

tually assume this is an inner product in the standard sense, for while we

assume (1, ¢) > 0 for all ¢ € Hy,;,, we do not assume positive definiteness.

The general covariance of the theory should imply that this inner product

is independent of the choice of time ¢ > 0, so we assume this as well.
Define the space of norm-zero states I C Hy;, by

I= {¢| <w7¢>phys = O}
= {1/)| <1/)7 ¢>phys =0 for all Qb € Hkm}

and define the ‘physical state space’ Hypys to be the Hilbert space com-
pletion of Hy;, /I in the norm associated to the physical inner product.
In general I is non-empty, because if g € Diff(X) is a diffeomorphism in
the connected component of the identity, we can find a path of diffeomor-
phisms g; € Diffo(M) with go = g and g, equal to the identity, and defining

g € Diff (0, ] x X) by
g(t5x) = (tagt(x))v

we have

(6, Bpnys = /M /M /P T DDy

/ / / o) e DD DYDY
MIMIP(y,y")
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/ )_w 7)6(') ¢S5 D(GF)D(g7) DA’
'Y'Y

L

< ¥, ¢>phy5

for any 1, ¢. Here we are assuming
SN DGf) = 5Dy,

which is one of the expected invariance properties of the path integral. It
follows that I includes the space J, the closure of the span of all vectors of
the form ¢ — gib. We can therefore define the (spatially) ‘diffeomorphism-
invariant state space’ Hgirr by Hgiry = Hyin/J and obtain Hppys as a
Hilbert space completion of Hg;¢r/K, where K is the image of I in Hg;y.

To summarize, we obtain the physical state space from the kinematical
state space by taking two quotients:

Hyin — Hyin/J = Hyirs
Hairp — Haipy /K — Hpnys.

As usual in canonical quantum gravity and topological quantum field the-
ory, there is no Hamiltonian; instead, all the information about dynamics
is contained in the physical inner product. The reason, of course, is that
the path integral, which in traditional quantum field theory described time
evolution, now describes the physical inner product. The quotient map
Hgirr — Hppnys, or equivalently its kernel K, plays the role of a ‘Hamil-
tonian constraint’. The quotient map Hy;, — Hg;rr, or equivalently its
kernel J, plays the role of the ‘diffeomorphism constraint’, which is indepen-
dent of the dynamics. (Strictly speaking, we should call K the ‘dynamical
constraint’, as we shall see that it expresses constraints on the initial data
other than those usually called the Hamiltonian constraint, such as the
‘Mandelstam constraints’ arising in gauge theory.)

It is common in canonical quantum gravity to proceed in a slightly
different manner than we have done here, using subspaces at certain points
where we use quotient spaces [49, 50]. For example, Hy; ¢ may be defined
as the subspace of Hy;, consisting of states invariant under the action
of Diffy(X), and Hppys then defined as the kernel of certain operators,
the Hamiltonian constraints. The method of working solely with quotient
spaces has, however, been studied by Ashtekar [2].

The choice between these different approaches will in the end be dic-
tated by the desire for convenience and/or rigor. As a heuristic guiding
principle, however, it is worth noting that the subspace and quotient space
approaches are essentially equivalent if we assume that the subspace I is
closed in the norm topology on Hy;,. Relative to the kinematical inner
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H¢(>< ) = a¢(>\/:) + b¢(X) + 61/1(: )

Fi1c. 1. Two-string interaction in 3-dimensional space

product, we can identify Hg; ¢y with the orthogonal complement J +. and
similarly identify H,py, with I1. From this point of view we have

Hpnys € Hairp © Hiin.

Moreover, ¢ € Hg;y if and only if 1 is invariant under the action of
Diffo(X) on Hy;y,. To see this, first note that if gip = ¢ for all g € Diff(X),
then for all ¢ € Hy;, we have

(h, 90— ) = (g7 —1,¢9) =0
so 1 € J*. Conversely, if ¢ € J*,

(Y99 =) =0

so (¥, ) = (1, g1b), and since g acts unitarily on Hy,, the Cauchy—Schwarz
inequality implies gy = .

The approach using subspaces is the one with the clearest connection to
knot theory. An element ¢ € Hy;, is a function on the space of multiloops.
If 4 is invariant under the action of Diffy(X), we call ¢ a ‘multiloop in-
variant’. In particular, ¢ defines an ambient isotopy invariant of links in X
when we restrict it to links (which are nothing but multiloops that happen
to be embeddings). We see therefore that in this situation the physical
states define link invariants. As a suggestive example, take X = 53, and
take as the Hamiltonian constraint an operator 4 on Hy; sy that has the
property described in Fig. 1. Here a,b,c € C are arbitrary. This Hamil-
tonian constraint represents the simplest sort of diffeomorphism-invariant
two-string interaction in 3-dimensional space. Defining the physical space
H,pys to be the kernel of H, it follows that any ¢ € Hypys gives a link
invariant that is just a multiple of the HOMFLY invariant [21]. For appro-
priate values of the parameters a, b, c, we expect this sort of Hamiltonian
constraint to occur in a generally covariant gauge theory on 4-dimensional
spacetime known as BF' theory, with gauge group SU(N) [29]. A simi-
lar construction working with unoriented framed multiloops gives rise to
the Kauffman polynomial, which is associated with BF' theory with gauge
group SO(N) [31]. We see here in its barest form the path from string-
theoretic considerations to link invariants and then to gauge theory.

In what follows, we start from the other end, and consider a generally
covariant gauge theory on M. Thus we fix a Lie group G and a principal
G-bundle P — M. Fixing an identification M = R x X, the classical
configuration space is the space A of connections on P|{p} x. (The physical
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Hilbert space of the quantum theory, it should be emphasized, is supposed
to be independent of this identification M =2 R x X.) Given a loop v: S —
X and a connection A € A, let T'(v, A) be the corresponding Wilson loop,
that is the trace of the holonomy of A around « in a fixed finite-dimensional
representation of G:

T(y, A) = TrP et .

The group G of gauge transformations acts on A. Fix a G-invariant
measure DA on A and let Fun(A/G) denote a space of gauge-invariant
functions on A containing the algebra of functions generated by Wilson
loops. We may alternatively think of Fun(A4/G) as a space of functions on
A/G and DA as a measure on A/G. Assume that DA is invariant under the
action of Diffo(M) on A/G, and define the kinematical state space Hyip
to be the Hilbert space completion of Fun(.4/G) in the norm associated to
the kinematical inner product

A/G
The relation of this kinematical state space and that described above

for a string field theory is given by the loop transform. Given any multiloop
(Y1, -+ 7n) € M, define the loop transform v of ¢ € Fun(A/G) by

w(/yla'-'ap)/n) = w(A)T(’ylvA)T(’YnaA)IDA
A/G

Take Fun(M) to be the space of functions in the range of the loop trans-
form. Let us assume, purely for simplicity of exposition, that the loop
transform is one-to-one. Then we may identify Hy;, with Fun(M) just as
in the string field theory case.

The process of passing from the kinematical state space to the diffeo-
morphism-invariant state space and then the physical state space has al-
ready been treated for a number of generally covariant gauge theories, most
notably quantum gravity [1, 48, 49]. In order to emphasize the resemblance
to the string field case, we will use a path integral approach.

Fix a time ¢ > 0. Given A, A’ € A, let P(A, A’) denote the space
of connections on Pl 45 x which restrict to A on {0} x X and to A" on
{t} x X. We assume the existence of a measure on P(A, A’) which we
write as €5(®)Da, using a to denote a connection on Plio,gxx- Again, this
generalized measure has some invariance properties corresponding to the
general covariance of the gauge theory. Define the ‘physical’ inner product
on Hy;, by

s = DA Al iS(a) ADA’
(¥, D) phy /A/A/P(Amw( Yp(A') e I DaDAD
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again assuming that this integral is well defined and that (i, ) > 0 for all
1. This inner product should be independent of the choice of time t > 0.
Letting I C Hy;,, denote the space of norm-zero states, the physical state
space Hppys of the gauge theory is Hy,,/I. As before, we can use the
general covariance of the theory to show that I contains the closed span J
of all vectors of the form ¢ — gi. Letting Hy;rr = Hyp, /J, and letting K
be the image of I in Hg;r¢, we again see that the physical state space is
obtained by applying first the diffeomorphism constraint

Hyin — Hiyin/J =Hg,gy
and then the Hamiltonian constraint
Hairp — Haipp /K — Hppys.

In summary, we see that the Hilbert spaces for generally covariant string
theories and generally covariant gauge theories have a similar form, with
the loop transform relating the gauge theory picture to the string the-
ory picture. The key point, again, is that a state ¢ in Hg;, can be re-
garded either as a wave function on the classical configuration space A for
gauge fields, with 1(A) being the amplitude of a specified connection A,
or as a wave function on the classical configuration space M for strings,
with 1/;(71, ...,7¥n) being the amplitude of a specified n-tuple of strings
Yy Yn: St — X to be present. The loop transform depends on the
non-linear ‘duality’ between connections and loops,

A/Gx M — C
(A, (v, o5m) = T(A ) - T (A, )

which is why we speak of string field/gauge field duality rather than an
isomorphism between string fields and gauge fields.

At this point it is natural to ask what the difference is, apart from words,
between the loop representation of a generally covariant gauge theory and
the sort of purely topological string field theory we have been considering.
From the Hamiltonian viewpoint (that is, in terms of the spaces Hy;p,
Hy;rr, and Hppys) the difference is not so great. The Lagrangian for a
gauge theory, on the other hand, is quite a different object than that of
a string field theory. Note that nothing we have done allows the direct
construction of a string field Lagrangian from a gauge field Lagrangian
or vice versa. In the following sections we will consider some examples:
Yang—Mills theory in 2 dimensions, quantum gravity in 3 dimensions, and
quantum gravity in 4 dimensions. In no case is a string field action S(f)
known that corresponds to the gauge theory in question! However, in 2d
Yang—Mills theory a working substitute for the string field path integral is
known: a discrete sum over certain equivalence classes of maps f: ¥ — M.
This is, in fact, a promising alternative to dealing with measures on the
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space P of string histories. In 4-dimensional quantum gravity, such an
approach might involve a sum over ‘2-tangles’, that is ambient isotopy
classes of embeddings f: ¥ — [0,¢] x X.

3 Yang—Mills theory in 2 dimensions

We begin with an example in which most of the details have been worked
out. Yang-Mills theory is not a generally covariant theory since it relies
for its formulation on a fixed Riemannian or Lorentzian metric on the
spacetime manifold M. We fix a connected compact Lie group G and a
principal G-bundle P — M. Classically the gauge fields in question are
connections A on P, and the Yang—Mills action is given by

S(A) = —% /M Te(F A +F)

where F' is the curvature of A and Tr is the trace in a fixed faithful unitary
representation of G and hence its Lie algebra g. Extremizing this action
we obtain the classical equations of motion, the Yang-Mills equation

dA*FZO,

where d 4 is the exterior covariant derivative.

The action S(A) is gauge invariant, so it can be regarded as a function
on the space of connections on M modulo gauge transformations. The
group Diff(M) acts on this space, but the action is not diffeomorphism
invariant. However, if M is 2-dimensional one may write F' = f ® w where
w is the volume form on M and f is a section of P X aq g, and then

S(A) = —1/ Tr(f?) w.
2Jm

It follows that the action S(A) is invariant under the subgroup of diffeomor-
phisms preserving the volume form w. So upon quantization one expects
to—and does—obtain something analogous to a topological quantum field
theory, but in which diffeomorphism invariance is replaced by invariance
under this subgroup. Strictly speaking, then, many of the results of the
previous section do not apply. In particular, this theory has an honest
Hamiltonian, rather than a Hamiltonian constraint. Still, it illustrates
some interesting aspects of gauge field/string field duality.

The Riemannian case of 2d Yang-Mills theory has been extensively
investigated. An equation for the vacuum expectation values of Wilson
loops for the theory on Euclidean R? was found by Migdal [36], and these
expectation values were explicitly calculated by Kazakov [32]. These calcu-
lations were made rigorous using stochastic differential equation techniques
by L. Gross, King and Sengupta [28], as well as Driver [18]. The classical
Yang—Mills equations on Riemann surfaces were extensively investigated
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by Atiyah and Bott [8], and the quantum theory on Riemann surfaces has
been studied by Rusakov [51], Fine [19], and Witten [55]. In particular,
Witten has shown that the quantization of 2d Yang-Mills theory gives a
mathematical structure very close to that of a topological quantum field
theory, with a Hilbert space Z(S' U ---U S!) associated to each compact
l-manifold STU---U S, and a vector Z(M,«) € Z(OM) for each compact
oriented 2-manifold M with boundary having total area oo = [ o w- Similar
results were also obtained by Blau and Thompson [11].

Here, however, it will be a bit simpler to discuss Yang—Mills theory on
R x S! with the Lorentzian metric

dt? — da?,

where t € R, x € S!, as done by Rajeev [47]. This will simultaneously
serve as a brief introduction to the idea of quantizing gauge theories after
symplectic reduction, which will also be important in 3d quantum gravity.
This approach is an alternative to the path integral approach of the previous
section, and in some cases is easier to make rigorous.

Any G-bundle P — R x S! is trivial, so we fix a trivialization and
identify a connection on P with a g-valued 1-form on R x S*. The classical
configuration space of the theory is the space A of connections on P|(}s1.
This may be identified with the space of g-valued 1-forms on S'. The
classical phase space of the theory is the cotangent bundle T*.A. Note that
a tangent vector v € T4.A may be identified with a g-valued 1-form on S?!.
We may also think of a g-valued 1-form E on S! as a cotangent vector,
using the non-degenerate inner product:

(E,v) =— | Tr(E A*v),
Sl
We thus regard the phase space T*A as the space of pairs (4, F) of g-valued
1-forms on S!.

Given a connection on P solving the Yang—Mills equation we obtain a
point (A, E) of the phase space T*A as follows: let A be the pullback of the
connection to {0} x St, and let E be its covariant time derivative pulled
back to {0} x S'. The pair (4, E) is called the initial data for the solution,
and in physics A is called the vector potential and E the electric field. The
Yang—Mills equation implies a constraint on (4, E), the Gauss law

dA*EZO,

and any pair (4, F) satisfying this constraint are the initial data for some
solution of the Yang—Mills equation. However, this solution is not unique,
owing to the gauge invariance of the equation. Moreover, the loop group
G = C>(S', Q) acts as gauge transformations on A, and this action lifts
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naturally to an action on T*A, given by:

9: (A, E) — (gAg~ " +gd(g~"),9Eg™).

Two points in the phase space T*A are to be regarded as physically equiv-
alent if they differ by a gauge transformation.

In this sort of situation it is natural to try to construct a smaller, more
physically relevant ‘reduced phase space’ using the process of symplectic re-
duction. The phase space T*A is a symplectic manifold, but the constraint
subspace

{(A,E)|da*xE=0}CT*A

is not. However, the constraint daxE, integrated against any f € C>°(S!, g)
as follows,

/ Tr(fdA * E),
S1

gives a function on phase space that generates a Hamiltonian flow coin-
ciding with a 1-parameter group of gauge transformations. In fact, all
1-parameter subgroups of G are generated by the constraint in this fash-
ion. Consequently, the quotient of the constraint subspace by G is again a
symplectic manifold, the reduced phase space.

In the case at hand there is a very concrete description of the reduced
phase space. First, by basic results on moduli spaces of flat connections,
the ‘reduced configuration space’ A/G may be naturally identified with
Hom(m(S%), G)/AdG, which is just G/AdG. Alternatively, one can see
this quite concretely. We may first take the quotient of A by only those
gauge transformations that equal the identity at a given point of S*:

Go = {g € C®(5",G)| g(0) = 1}.

This ‘almost reduced’ configuration space .A/Gy is diffeomorphic to G itself,
with an explicit diffeomorphism taking each equivalence class [A] to its
holonomy around the circle:

[A] — Pesst A
The remaining gauge transformations form the group G/Gy = G, which
acts on the almost reduced configuration space G by conjugation, so A/G =
G/AdG.

Next, writing E = edx, the Gauss law says that e € C(St, g) is a
flat section, and hence determined by its value at the basepoint of S*. It
follows that any point (A, F) in the constraint subspace is determined by
A € A together with e¢(0) € g. The quotient of the constraint subspace
by Go, the ‘almost reduced’ phase space, is thus identified with T*G. It
follows that the quotient of the constraint subspace by all of G, the reduced
phase space, is identified with T*(G/AdG).
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The advantage of the almost reduced configuration space and phase
space is that they are manifolds. Observables of the classical theory can be
identified either with functions on the reduced phase space, or functions on
the almost reduced phase space T*G that are constant on the orbits of the
lift of the adjoint action of GG. For example, the Yang-Mills Hamiltonian is
initially a function on T*A:

H(A,B) = (. E)
but by the process of symplectic reduction one obtains a corresponding
Hamiltonian on the reduced phase space. One can, however, carry out
only part of the process of symplectic reduction, and obtain a Hamiltonian
function on the almost reduced phase space. This is just the Hamiltonian
for a free particle on G, i.e. for any p € TG it is given by

1
H(g,p) = 5|lpll*

with the obvious inner product on T, G.

Now let us consider quantizing 2-dimensional Yang—Mills theory. What
should be the Hilbert space for the quantized theory on R x S'? As de-
scribed in the previous section, it is natural to take L? of the reduced
configuration space A/G. (Since the theory is not generally covariant,
the diffeomorphism and Hamiltonian constraints do not enter; the ‘kine-
matical’ Hilbert space is the physical Hilbert space.) However, to define
L?(A/G) requires choosing a measure on A/G = G/AdG. We will choose
the pushforward of normalized Haar measure on G by the quotient map
G — G/AdG. This measure has the advantage of mathematical elegance.
While one could also argue for it on physical grounds, we prefer simply to
show ex post facto that it gives an interesting quantum theory consistent
with other approaches to 2d Yang-Mills theory.

To begin with, note that this measure gives a Hilbert space isomorphism

where the right side denotes the subspace of L?(G) consisting of functions
constant on each conjugacy class of G. Let x, denote the character of
an equivalence class p of irreducible representations of G. Then by the
Schur orthogonality relations, the set {x,} forms an orthonormal basis of
L?(G@)iny- In fact, the Hamiltonian of the quantum theory is diagonalized
by this basis. Since the Yang-Mills Hamiltonian on the almost reduced
phase space T*G is that of a classical free particle on G, we take the
quantum Hamiltonian to be that for a quantum free particle on G:

H=A/2

where A is the (non-negative) Laplacian on G. When we decompose the
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regular representation of G into irreducibles, the function x, lies in the
sum of copies of the representation p, so

1

262 (P)Xps (3.1)

where ¢z (p) is the quadratic Casimir of G in the representation p. Note that
the vacuum (the eigenvector of H with lowest eigenvalue) is the function
1, which is x, for p the trivial representation.

In a sense this diagonalization of the Hamiltonian completes the solution
of Yang-Mills theory on R x S'. However, extracting the physics from
this solution requires computing expectation values of physically interesting
observables. To take a step in this direction, and to make the connection
to string theory, let us consider the Wilson loop observables. Recall that
given a based loop 7: S1 — S, the classical Wilson loop T'(v, A) is defined
by

Hy, =

T(v,A) = TrPefw 4

We may think of T'(y) = T'(7, -) as a function on the reduced configuration
space A/G, but it lifts to a function on the almost reduced configuration
space GG, and we prefer to think of it as such. In the case at hand these
Wilson loop observables depend only on the homotopy class of the loop,
because all connections on St are flat. In the string field picture of Section
2, we obtain a theory in which all physical states have

1/1(7717-'-77711) :¢(7177’Yn)

when 7; is homotopic to v; for all 7. We will see this again in 3d quantum
gravity. Letting v,: S! — S* be an arbitrary loop of winding number n,
we have

T (vn, g) = Tr(g").

Since the classical Wilson loop observables are functions on configura-
tion space, we may quantize them by interpreting them as multiplication
operators acting on L?(G)ine:

(T(va)¥)(g9) = Tr(g")b(g).

We can also form elements of L?(G);n, by applying products of these op-
erators to the vacuum. Let

|n17'-'7n/€> = T(’ynl)T('ynk)l

The states |nq,...,n;) may also be regarded as states of a string theory in
which k strings are present, with winding numbers n1, ..., ng, respectively.
For convenience, we define |(}) to be the vacuum state.

The idea of describing the Yang—Mills Hamiltonian in terms of these
string states goes back at least to Jevicki’s work [30] on lattice gauge the-
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ory. More recently, string states appear prominently in the work of Gross,
Taylor, Douglas, Minahan, Polychronakos, and others [17, 27, 37, 38, 39]
on 2d Yang-Mills theory as a string theory. All these authors, however,
work primarily with the large-N limit of the theory, for since the work of
't Hooft [52] it has been clear that SU(N) Yang-Mills theory simplifies
as N — oo. In what follows we will use many ideas from these authors,
but give a string-theoretic formula for the SU(N) Yang-Mills Hamiltonian
that is exact for arbitrary IV, instead of working in the large-N limit.

The resemblance of the ‘string states’ |ny, ..., nk) to states in a bosonic
Fock space should be clear. In particular, the T'(y,) are analogous to ‘cre-
ation operators’. However, we do not generally have a representation of the
canonical commutation relations. In fact, the string states do not neces-
sarily span L?(G)iny, although they do in some interesting cases. They are
never linearly independent, because the Wilson loops satisfy relations. One
always has T'(yp) = Tr(1), for example, and for any particular group G the
Wilson loops will satisfy identities called Mandelstam identities. For exam-
ple, for G = SU(2) and taking traces in the fundamental representation,
the Mandelstam identity is

T(VH)T(FYm) = T(FYner) + T("Ynfm)-
Note that this implies that
In,m) = |n+m)+|n—m),

so the total number of strings present in a given state is ambiguous. In
other words, there is no analog of the Fock space ‘number operator’ on
L*(@)ino-

For the rest of this section we set G = SU(N) and take traces in the
fundamental representation. In this case the string states do span L?(G) .,
and all the linear dependencies between string states are consequences of
the following Mandelstam identities [22]. Given loops 71, .., 7 in S*, let

1
Mk(nlu EERE) 777@) = Ll Z Sgn(U)T(gju “ GGy ) T T(gjkl o .gjknk)
" oES)

where o has the cycle structure (ji1 - j1n,) - (Jk1 - Jkn, ). Then

My(n,...,n) =1

for all loops 7, and
Myy1(n1,-- . mN+1) =0

for all loops 7;. There are also explicit formulae expressing the string
states in terms of the basis {x,} of characters. These formulae are based
on the classical theory of Young diagrams, which we shall briefly review.
The importance of this theory for 2-dimensional physics was stressed by
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Nomura [42], and plays a primary role in Gross and Taylor’s work on 2d
Yang—Mills theory [27]. As we shall see, Young diagrams describe a ‘duality’
between the representation theory of SU(IN) and of the symmetric groups
Sy, which can be viewed as a mathematical reflection of string field/gauge
field duality.

First, note using the Mandelstam identities that the string states

[y, )

with all the n; positive (but k possibly equal to zero) span L2(SU(N))in-
Thus we will restrict our attention for now to states of this kind, which we
call ‘right-handed’. There is a 1-1 correspondence between right-handed
string states and conjugacy classes of permutations in symmetric groups,
in which the string state |nq,...,nk) corresponds to the conjugacy class o
of all permutations with cycles of length nq,...,n;. Note that o consists
of permutations in S, (), where n(o) =ni + -+ ng. To take advantage
of this correspondence, we simply define

lo) = |n1, ..., ng).

when ¢ is the conjugacy class of permutations with cycle lengths nq, ..., ng.
We will assume without loss of generality that ny > --- > ng > 0.

The rationale for this description of string states as conjugacy classes of
permutations is in fact quite simple. Suppose we have length-minimizing
strings in S' with winding numbers n1,...,n,. Labelling each strand of
string each time it crosses the point x = 0, for a total of n =nqy + - -+ + ny
labels, and following the strands around counterclockwise to x = 27, we
obtain a permutation of the labels, and hence an element of S,,. How-
ever, since the labelling was arbitrary, the string state really only defines a
conjugacy class o of elements of S,.

In a Young diagram one draws a conjugacy class ¢ with cycles of length
ny > --- > ng > 0 as a diagram with k rows of boxes, having n; boxes in
the ith row. (See Fig. 2.) Let Y denote the set of Young diagrams.

On the one hand, there is a map from Young diagrams to equivalence
classes of irreducible representations of SU(N). Given p € Y, we form
an irreducible representation of SU(N), which we also call p, by taking a
tensor product of n copies of the fundamental representation, one copy for
each box, and then antisymmetrizing over all copies in each column and
symmetrizing over all copies in each row. This gives a 1-1 correspondence
between Young diagrams with < N rows and irreducible representations
of SU(N). If p has N rows it is equivalent to a representation coming
from a Young diagram having < N rows, and if p has > N rows it is zero
dimensional. We will write x, for the character of the representation p; if
p has > N rows x, = 0.

On the other hand, Young diagrams with n boxes are in 1-1 correspon-
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Fic. 2. Young diagram

dence with irreducible representations of S,,. This allows us to write the
Frobenius relations expressing the string states |o) in terms of characters
X, and vice versa. Given p € Y, we write p for the corresponding repre-
sentation of S,,. We define the function x; on S, to be zero for n(p) # n,
where n(p) is the number of boxes in p. Then the Frobenius relations are

o) = > x3(0)x, (3-2)

peY

and conversely

Xo= o 2 X(0)lo) (3.3)

G’ESn(p)

The Yang—Mills Hamiltonian has a fairly simple description in terms
of the basis of characters {x,}. First, recall that eqn (3.1) expresses the
Hamiltonian in terms of the Casimir. There is an explicit formula for the
value of the SU(N) Casimir in the representation p:

n(p)(n(p) = (')
dim(p)

ca(p) = Nn(p) — N~ 'n(p)* +

where ‘27 denotes the conjugacy class of permutations in S,,(,) with one
cycle of length 2 and the rest of length 1. It follows that

1
H= 5(NHO ~ N'HF + Hy) (3.4)



150 John C. Baez

where

Hoxp, = ”(p)Xp (3.5)
and

n(p)(n(gi)m—(ﬁl))xp(?’) - (3.6)

HlXp =

To express the operators Hy and H; in string-theoretic terms, it is
convenient to define string annihilation and creation operators satisfying
the canonical commutation relations. As noted above, there is no natural
way to do this in L2(SU(N))ine since the string states are not linearly
independent. The advantage of taking the ‘N — oo limit’ is that any
finite set of distinct string states becomes linearly independent, in fact
orthogonal, for sufficiently large N. We will proceed slightly differently,
simply defining a space in which all the string states are independent. Let
H be a Hilbert space having an orthonormal basis {&X,} ,cy indexed by all
Young diagrams. For each o € Y, define a vector |o) in H by the Frobenius
relation (3.2). Then a calculation using the Schur orthogonality equations
twice shows that these string states |o) are not only linearly independent,
but orthogonal:

(olo’) = Z Yﬁ(U)Xﬁ/(U/)<Xanp/>
pp' €Y
= > Xs(0)xs(0")
peY
n(o)!

o]

oo’
where |o| is the number of elements in o regarded as a conjugacy class in

Sp. One can also derive the Frobenius relation (3.3) from these definitions
and express the basis {X,} in terms of the string states:

X=—— S (o))

’ G’ESn(p)

It follows that the string states form a basis for H.

The Yang—Mills Hilbert space L2(SU(N))iny is essentially a quotient
space of the string field Hilbert space H, with the (only densely defined)
quotient map

§:H — L*(SU(N))ino

being given by
Xy = Xp-

This quotient map sends the string state |o) in H to the corresponding
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string state |o) € L2(SU(N))iny. It follows that this quotient map is
precisely that which identifies any two string states that are related by the
Mandelstam identities. It was noted some time ago by Gliozzi and Virasoro
[24] that Mandelstam identities on string states are strong evidence for a
gauge field interpretation of a string field theory. Here in fact we will
show that the Hamiltonian on the Yang-Mills Hilbert space L2(SU(N))in
lifts to a Hamiltonian on H with a simple interpretation in terms of string
interactions, so that 2-dimensional SU (V) Yang—Mills theory is isomorphic
to a quotient of a string theory by the Mandelstam identities. In the
framework of the previous section, the Mandelstam identities would appear
as part of the ‘dynamical constraint’ K of the string theory.

Following eqns (3.4-3.6), we define a Hamiltonian H on the string field
Hilbert space H by

1
H = 5 (NH, - N~'HE + Hy)

where
n(n = 1)xs(2)

HQXP = n(p)Xp, Hl)(p = dlm(ﬁ)

X,.

This clearly has the property that
Hj=jH,

so the Yang—Mills dynamics is the quotient of the string field dynamics.
On H we can introduce creation operators a; (j > 0) by

a;lnlu"'7nk> = |j7n17"'7n/€>7

and define the annihilation operator a; to be the adjoint of aj. These
satisfy the following commutation relations:

laj,ax] = [a},a}] = 0, laj, ar] = jdjk-

We could eliminate the factor of j and obtain the usual canonical commu-
tation relations by a simple rescaling, but it is more convenient not to. We

then claim that
HO = Z CL; aj
>0
and

§ : * * ok
Hl = (Lj+kajak +(ljakaj+k.
3,k>0

These follow from calculations which we briefly sketch here. The Frobenius
relations and the definition of Hy give

Hylo) = n(o)|o), (3.7)
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mol X =u( )

Fic. 3. Two-string interaction in 1-dimensional space

and this implies the formula for Hy as a sum of harmonic oscillator
Hamiltonians aja;. Similarly, the Frobenius relations and the definition
of Hy give

Hyloy = 32 MO 2D o) o),

Z 7 dim(p)

Since there are n(n — 1)/2 permutations 7 € S,,(,) lying in the conjugacy
class ‘2’, we may rewrite this as

Since

the Frobenius relations give

Hylo) =2 Z loT). (3.8)

76427

An analysis of the effect of composing o with all possible 7 € ‘2’ shows that
either one cycle of o will be broken into two cycles, or two will be joined to
form one, giving the expression above for H; in terms of annihilation and
creation operators.

We may interpret the Hamiltonian in terms of strings as follows. By eqn
(3.7), Hy can be regarded as a ‘string tension’ term, since if we represent a
string state |ni,...,ng) by length-minimizing loops, it is an eigenvector of
Hy with eigenvalue equal to ny + - - - + ng, proportional to the sum of the
lengths of the loops.

By eqn (3.8), H;y corresponds to a two-string interaction as in Fig. 3.
In this figure only the x coordinate is to be taken seriously; the other has
been introduced only to keep track of the identities of the strings. Also,
we have switched to treating states as functions on the space of multiloops.
As the figure indicates, this kind of interaction is a 1-dimensional version
of that which gave the HOMFLY invariant of links in 3-dimensional space
in the previous section. Here, however, we have a true Hamiltonian rather
than a Hamiltonian constraint.

Figure 3 can also be regarded as two frames of a ‘movie’ of a string
worldsheet in 2-dimensional spacetime. Similar movies have been used by
Carter and Saito to describe string worldsheets in 4-dimensional spacetime
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[14]. If we draw the string worldsheet corresponding to this movie we
obtain a surface with a branch point. Indeed, in the path integral approach
of Gross and Taylor this kind of term appears in the partition function as
part of a sum over string histories, associated to those histories with branch
points. They also show that the HZ term corresponds to string worldsheets
with handles. When considering the 1/N expansion of the theory, it is
convenient to divide the Hamiltonian H by N, so that it converges to
Hy as N — oco. Then the H? term is proportional to 1/N?. This is in
accord with the observation by 't Hooft [52] that in an expansion of the
free energy (logarithm of the partition function) as a power series in 1/N,
string worldsheets of genus g give terms proportional to 1/N2~29.

From the work of Gross and Taylor it is also clear that in addition to
the space H spanned by right-handed string states one should also consider
a space with a basis of ‘left-handed’ string states |n1,...,ng) with n; < 0.
The total Hilbert space of the string theory is then the tensor product
H, ® H_ of right-handed and left-handed state spaces. This does not
describe any new states in the Yang—Mills theory per se, but it is more
natural from the string-theoretic point of view. It follows from the work of
Minahan and Polychronakos that there is a Hamiltonian H on H; @ H_
naturally described in terms of string interactions and a densely defined
quotient map j: Hy ® H_ — L?(SU(N))in, such that Hj = jH.

4 Quantum gravity in 3 dimensions

Now let us turn to a more sophisticated model, 3-dimensional quantum
gravity. In 3 dimensions, Einstein’s equations say simply that the spacetime
metric is flat, so there are no local degrees of freedom. The theory is
therefore only interesting on topologically non-trivial spacetimes. Interest
in the mathematics of this theory increased when Witten [2] reformulated
it as a Chern—Simons theory. Since then, many approaches to the subject
have been developed, not all equivalent [12]. We will follow Ashtekar,
Husain, Rovelli, Samuel and Smolin [1, 6] and treat 3-dimensional quantum
gravity using the ‘new variables’ and the loop transform, and indicate some
possible relations to string theory. It is important to note that there are
some technical problems with the loop transform in Lorentzian quantum
gravity, since the gauge group is then non-compact [35]. These are presently
being addressed by Ashtekar and Loll [5] in the 3-dimensional case, but
for simplicity of presentation we will sidestep them by working with the
Riemannian case, where the gauge group is SO(3).

It is easiest to describe the various action principles for gravity using the
abstract index notation popular in general relativity, but we will instead
translate them into language that may be more familiar to mathematicians,
since this seems not to have been done yet. In this section we describe the
‘Witten action’, applicable to the 3-dimensional case; in the next section
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we describe the ‘Palatini action’, which applies to any dimension, and the
‘Ashtekar action’, which applies to 4 dimensions. The relationship between
these action principles has been discussed rather thoroughly by Peldan [43].

Let the spacetime M be an orientable 3-manifold. Fix a real vector
bundle 7 over M that is isomorphic to—but not canonically identified
with—the tangent bundle TM, and fix a Riemannian metric 7 and an
orientation on 7. These define a ‘volume form’ € on 7, that is a nowhere-
vanishing section of A37*. The basic fields of the theory are then taken to
be a metric-preserving connection A on 7, or ‘SO(3) connection’, together
with a 7-valued 1-form e on M. Using the isomorphism 7 = T* given
by the metric, the curvature F of A may be identified with a A27-valued
2-form. It follows that the wedge product e A F' may be defined as a A37-
valued 3-form. Pairing this with € to obtain an ordinary 3-form and then
integrating over spacetime, we obtain the Witten action

S(A,e) = %/Me(e/\ F).

The classical equations of motion obtained by extremizing this action
are

F=0

and
dAe =0.

Note that we can pull back the metric n on E by e:TM — 7 to obtain a
‘Riemannian metric’ on M, which, however, is only non-degenerate when
e is an isomorphism. When e is an isomorphism we can also use it to pull
back the connection to a metric-preserving connection on T'M. In this case,
the equations of motion say simply that this connection is the Levi-Civita
connection of the metric on M, and that the metric on M is flat. The
formalism involving the fields A and e can thus be regarded as a device
for extending the usual Einstein equations in 3 dimensions to the case of
degenerate ‘metrics’ on M.

Now suppose that M = R x X, where X is a compact oriented 2-
manifold. The classical configuration and phase spaces and their reduction
by gauge transformations are reminiscent of those for 2d Yang-Mills theory.
There are, however, a number of subtleties, and we only present the final
results. The classical configuration space can be taken as the space A of
metric-preserving connections on 7|X, which we call SO(3) connections
on X. The classical phase space is then the cotangent bundle T*A. Note
that a tangent vector v € T4 A is a A27-valued 1-form on X. We can thus
regard a 7T-valued 1-form F on X as a cotangent vector by means of the
pairing

E(v) = /X e(E Aw).
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Thus given any solution (A, e) of the classical equations of motion, we can
pull back A and e to the surface {0} x X and get an SO(3) connection and
a T-valued 1-form on X, that is a point in the phase space T*A. This is
usually written (A, E), where E plays a role analogous to the electric field
in Yang—Mills theory.

The classical equations of motion imply constraints on (A, E) eT*A
which define a reduced phase space. These are the Gauss law, which in
this context is

daE =0,

and the vanishing of the curvature B of the connection A on 7|X, which
is analogous to the magnetic field:

B =0.

The latter constraint subsumes both the diffeomorphism and Hamiltonian
constraints of the theory. The reduced phase space for the theory turns
out to be T*(Ap/G), where Ay is the space of flat SO(3) connections on
X, and G is the group of gauge transformations [6]. As in 2d Yang-Mills
theory, it will be attractive to quantize after imposing constraints, taking
the physical state space of the quantized theory to be L? of the reduced
configuration space, if we can find a tractable description of Ag/G.

A quite concrete description of Ag/G was given by Goldman [25]. The
moduli space F of flat SO(3)-bundles has two connected components, cor-
responding to the two isomorphism classes of SO(3) bundles on M. The
component corresponding to the bundle 7|X is precisely the space Ag/G,
so we wish to describe this component.

There is a natural identification

F = Hom(m(X),SO(3))/Ad(S0(3)),

given by associating to any flat bundle the holonomies around (homotopy
classes of ) loops. Suppose that X has genus g. Then the group 1 (X) has
a presentation with 2g generators z1,y1, ..., z4, Yy, satisfying the relation

R(xiyi) = (ziyray yr ) - (wgygry 'y, ) = 1.
An element of Hom(;(X), SO(3)) may thus be identified with a collection
U1, V1,. .., Ug, Uy of elements of SO(3), satisfying
R(ui,vi) = 1,

and a point in F is an equivalence class [u;, v;] of such collections.

The two isomorphism classes of SO(3) bundles on M are distinguished
by their second Stiefel-Whitney number we € Zy. The bundle 7|X is
trivial so we(7]X) = 0 We can calculate wo for any point [u;,v;] € F by
the following method. For all the elements wu;, v; € SO(3), choose lifts a;, ¥;
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to the universal cover 3’\6(3) >~ SU(2). Then
(=1)"* = R(t, v:).

It follows that we may think of points of Ag/G as equivalence classes of
2g-tuples (u;,v;) of elements of SO(3) admitting lifts 4, ¥; with

R(u;,v;) =1,

where the equivalence relation is given by the adjoint action of SO(3).

In fact Ag/G is not a manifold, but a singular variety. This has been
investigated by Narasimhan and Seshadri [41], and shown to be dimension
d=6g—6for g>2 ord=2for g =1 (the case g = 0 is trivial and
will be excluded below). As noted, it is natural to take L?(Ag/G) to be
the physical state space, but to define this one must choose a measure on
Aop/G. As noted by Goldman [25], there is a symplectic structure €2 on
Ap/G coming from the following 2-form on Ajg:

Q(B,C) = /XTr(B/\C),

in which we identify the tangent vectors B,C' with End(7|X)-valued 1-
forms. The d-fold wedge product QA --- A Q defines a measure p on Ay /G,
the Liouville measure. On the grounds of elegance and diffeomorphism
invariance it is customary to use this measure to define the physical state
space L%(Ag/G).

It would be satisfying if there were a string-theoretic interpretation of
the inner product in L?(Ap/G) along the lines of Section 2. Note that we
may define ‘string states’ in this space as follows. Given any loop v in X,
the Wilson loop observable T'(7) is a multiplication operator on L?(Ag/G)
that only depends on the homotopy class of . As in the case of 2d Yang—
Mills theory, we can form elements of L?(Ag/G) by applying products of
these operators to the function 1, so given 1, ..., v € m1(X), define

Vs =T () T(ve)1.

The first step towards a string-theoretic interpretation of 3d quantum grav-
ity would be a formula for an inner product of string states

<717"'7’yk|717"'77]/g’>7

which is just a particular kind of integral over Ay/G. Note that this sort
of integral makes sense when Ay /G is the moduli space of flat connections
for a trivial SO(N) bundle over X, for any N. Alternatively, one could
formulate 3d quantum gravity as a theory of SU(2) connections and then
generalize to SU(N).

In fact, it appears that this sort of integral can be computed using
2d Yang—Mills theory on a Riemann surface, by introducing a coupling
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constant A in the action:
1
S(A) = 513 /M Te(F A +F),

computing the appropriate vacuum expectation value of Wilson loops, and
then taking the limit A — 0. This procedure has been discussed by Blau
and Thompson [11] and Witten [55]. One thus expects that this sort of
integral simplifies in the NV — oo limit just as it does in 2d Yang—Mills
theory, giving a formula for

<717"'7’yk|’7]{7"'777/€’>

as a sum over ambient isotopy classes of surfaces f: ¥ — [0,¢] X X having
the loops v;,v, as boundaries. This, together with a method of treating
the finite N case by imposing Mandelstam identities, would give a string-
theoretic interpretation of 3d quantum gravity. Taylor and the author are
currently trying to work out the details of this program.

Before concluding this section, it is worth noting another generally co-
variant gauge theory in 3 dimensions, Chern—Simons theory. Here one fixes
an arbitrary Lie group G and a G-bundle P — M over spacetime, and the
field of the theory is a connection A on P. The action is given by

S(A)z%/Tr(A/\dA—i—%A/\A/\A).

As noted by Witten [2], 3d quantum gravity as we have described it is
essentially the same Chern—Simons theory with gauge group I50(3), the
Euclidean group in 3 dimension, with the SO(3) connection and triad field
appearing as two parts of an 1.SO(3) connection. There is a profound con-
nection between Chern—Simons theory and knot theory, first demonstrated
by Witten [54], and then elaborated by many researchers (see, for example,
[7]). This theory does not quite fit our formalism because in it the space
Ao /G of flat connections modulo gauge transformations plays the role of a
phase space, with the Goldman symplectic structure, rather than a config-
uration space. Nonetheless, there are a number of clues that Chern—Simons
theory admits a reformulation as a generally covariant string field theory.
In fact, Witten has given such an interpretation using open strings and the
Batalin—Vilkovisky formalism [56]. Moreover, for the gauge groups SU(N)
Periwal has expressed the partition function for Chern—Simons theory on
53, in the N — oo limit, in terms of integrals over moduli spaces of Rie-
mann surfaces. In the case N = 2 there is also, as one would expect, an
expression for the vacuum expectation value of Wilson loops, at least for
the case of a link (where it is just the Kauffman bracket invariant), in terms
of a sum over surfaces having that link as boundary [13]. It would be very
worth while to reformulate Chern—Simons theory as a string theory at the
level of elegance with which one can do so for 2d Yang—Mills theory, but
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this has not yet been done.

5 Quantum gravity in 4 dimensions

We begin by describing the Palatini and Ashtekar actions for general rela-
tivity. As in the previous section, we will sidestep certain problems with the
loop transform by working with Riemannian rather than Lorentzian gravity.
We shall then discuss some recent work on making the loop representation
rigorous in this case, and indicate some mathematical issues that need to
be explored to arrive at a string-theoretic interpretation of the theory.

Let the spacetime M be an orientable n-manifold. Fix a bundle 7 over
M that is isomorphic to T'M , and fix a Riemannian metric 1 and orientation
on 7. These define a nowhere-vanishing section € of A"7*. The basic fields
of the theory are then taken to be a metric-preserving connection A on 7,
or ‘SO(n) connection’, and a 7-valued 1-form e. We require, however, that
e:TM — T be a bundle isomorphism; its inverse is called a ‘frame field’.
The metric 1 defines an isomorphism 7 = 7* and allows us to identify the
curvature F' of A with a section of the bundle

AT @ A*T* M.

We may also regard e~ ! as a section of 7* ® TM and define e”* Ae~ ! in
the obvious manner as a section of the bundle

AT @ A°T M.

The natural pairing between these bundles gives rise to a function F(e™! A
e 1) on M. Using the isomorphism e, we can push forward € to a volume
form w on M. The Palatini action for Riemannian gravity is then

S(A,e) = %/M Fle'Ae Hw.

We may use the isomorphism e to transfer the metric n and connection
A to a metric and connection on the tangent bundle. Then the classical
equations of motion derived from the Palatini action say precisely that this
connection is the Levi-Civita connection of the metric, and that the metric
satisfies the vacuum Einstein equations (i.e. is Ricci flat).

In 3 dimensions, the Palatini action reduces to the Witten action, which,
however, is expressed in terms of e rather than e~!. In 4 dimensions the
Palatini action can be rewritten in a somewhat similar form. Namely, the
wedge product e A e A F is a A*T-valued 4-form, and pairing it with e to

obtain an ordinary 4-form we have

S(A,e) = %/Me(e/\e/\F).

The Ashtekar action depends upon the fact that in 4 dimensions the
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metric and orientation on 7 define a Hodge star operator
w: A2T — A>T

with #2 = 1 (not to be confused with the Hodge star operator on differential
forms). This allows us to write F' as a sum Fy + F_ of self-dual and anti-
self-dual parts:

«Fp = +Fy.

The remarkable fact is that the action
1
S(A,e) = —/ eleNeNFy)
2/

gives the same equations of motion as the Palatini action. Moreover, sup-
pose 7 is trivial, as is automatically the case when M = R x X. Then F is
just an so(4)-valued 2-form on M, and its decomposition into self-dual and
anti-self-dual parts corresponds to the decomposition so(4) = so(3)Pso(3).
Similarly, A is an so(4)-valued 1-form, and may thus be written as a sum
At + A_ of ‘self-dual’ and ‘anti-self-dual’ connections, which are 1-forms
having values in the two copies of so(3). It is easy to see that F is the
curvature of A;. This allows us to regard general relativity as the theory
of a self-dual connection A} and a 7-valued 1-form e—the so-called ‘new
variables’—with the Ashtekar action

S(Ay,e) = %/M ele NeNFy).

Now suppose that M = R x X, where X is a compact oriented 3-
manifold. We can take the classical configuration space to be space A of
right-handed connections on 7| X, or equivalently (fixing a trivialization of
T), so(3)-valued 1-forms on X. A tangent vector v € T'4.A is thus an so(3)-
valued 1-form, and an so(3)-valued 2-form E defines a cotangent vector by
the pairing

E(v):/XTr(E/\v).

A point in the classical phase space T*A is thus a pair (4, E’) consisting
of an so(3)-valued 1-form A and an so(3)-valued 2-form F on X. In the
physics literature it is more common to use the natural isomorphism

AT X 2TX @ A3T*X

given by the interior product to regard the ‘gravitational electric field’ E as
an so(3)-valued vector density, that is, a section of so(3) ® TX ® A3T*X.

A solution (A4, e) of the classical equations of motion determines a
point (A,E’) € T* A as follows. The ‘gravitational vector potential’ A is
simply the pullback of A, to the surface {0} x X. Obtaining E from e is
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a somewhat subtler affair. First, split the bundle 7 as the direct sum of
a 3-dimensional bundle 37 and a line bundle. By restricting to TX and
then projecting down to 37| X, the map

eTM —T

gives a map
3e:TX — 3T|X,

called a ‘cotriad field’ on X. Since there is a natural isomorphism of the
fibers of 37 with so(3), we may also regard this as an so(3)-valued 1-form
on X. Applying the Hodge star operator we obtain the so(3)-valued 2-form
E.
The classical equations of motion imply constraints on (A4, E) € T*A.
These are the Gauss law
daFE =0,

and the diffeomorphism and Hamiltonian constraints. The latter two are
most easily expressed if we treat F as an so(3)-valued vector density. Let-
ting B denote the ‘gravitational magnetic field’, or curvature of the con-
nection A, the diffeomorphism constraint is given by

TrigB=0
and the Hamiltonian constraint is given by
TrigigB = 0.

Here the interior product i ;B is defined using 3 x 3 matrix multiplication
and is an M3(R) ® A®T* X-valued 1-form; similarly, i ziz B is an M3(R) ®
A3T* X ® A3T* X-valued function.

In 2d Yang—Mills theory and 3d quantum gravity one can impose enough
constraints before quantizing to obtain a finite-dimensional reduced con-
figuration space, namely the space Ag/G of flat connections modulo gauge
transformations. In 4d quantum gravity this is no longer the case, so a
more sophisticated strategy, first devised by Rovelli and Smolin [49], is re-
quired. Let us first sketch this without mentioning the formidable technical
problems. The Gauss law constraint generates gauge transformations, so
one forms the reduced phase space T*(A/G). Quantizing, one obtains the
kinematical Hilbert space Hy;, = L?(A/G). One then applies the loop
transform and takes Hy;, = Fun(M) to be a space of functions of multi-
loops in X . The diffeomorphism constraint generates the action of Diff5(X)
on A/G, so in the quantum theory one takes Hg;rs to be the subspace of
Diffo (X )-invariant elements of Fun(M). One may then either attempt to
represent the Hamiltonian constraint as operators on Hg;,, and define the
image of their common kernel in Hy; ¢ ¢ to be the physical state space Hppys,
or attempt to represent the Hamiltonian constraint directly as operators
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on Hy;rr and define the kernel to be Hppys. (The latter approach is still
under development by Rovelli and Smolin [50].)

Even at this formal level, the full space Hypys has not yet been de-
termined. In their original work, Rovelli and Smolin [49] obtained a large
set of physical states corresponding to ambient isotopy classes of links in
X. More recently, physical states have been constructed from familiar
link invariants such as the Kauffman bracket and certain coefficients of
the Alexander polynomial to all of M. Some recent developments along
these lines have been reviewed by Pullin [46]. This approach makes use
of the connection between 4d quantum gravity with cosmological constant
and Chern—Simons theory in 3 dimensions. It is this work that suggests a
profound connection between knot theory and quantum gravity.

There are, however, significant problems with turning all of this work
into rigorous mathematics, so at this point we shall return to where we left
off in Section 2 and discuss some of the difficulties. In Section 2 we were
quite naive concerning many details of analysis—deliberately so, to indicate
the basic ideas without becoming immersed in technicalities. In particular,
one does not really expect to have interesting diffeomorphism-invariant
measures on the space A/G of connections modulo gauge transformations
in this case. At best, one expects the existence of “generalized measures”
sufficient for integrating a limited class of functions.

In fact, it is possible to go a certain distance without becoming involved
with these considerations. In particular, the loop transform can be rigor-
ously defined without fixing a measure or generalized measure on A/G if
one uses, not the Hilbert space formalism of the previous section, but a
C*-algebraic formalism. A C*-algebra is an algebra A over the complex
numbers with a norm and an adjoint or * operation satisfying

(@*)* =a, (Aa)*=Xa*, (a+b)*=a*+0b*, (ab)*=0b"a",
llabl| < llallllbll,  lla*all = lla]l*

for all a,b in the algebra and A € C. In the C*-algebraic approach to
physics, observables are represented by self-adjoint elements of A, while
states are elements p of the dual A* that are positive, pu(a*a) > 0, and
normalized, p(1) = 1. The number p(a) then represents the expectation
value of the observable a in the state p. The relation to the more tradi-
tional Hilbert space approach to quantum physics is given by the Gelfand—
Naimark—Segal (GNS) construction. Namely, a state p on A defines an
‘inner product’ that may, however, be degenerate:

(a,b) = p(a’b).

Let I C A denote the subspace of norm-zero states. Then A/I has an
honest inner product and we let H denote the Hilbert space completion of
A/I in the corresponding norm. It is then easy to check that I is a left
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ideal of A, so that A acts by left multiplication on A/I, and that this action
extends uniquely to a representation of A as bounded linear operators on
H. In particular, observables in A give rise to self-adjoint operators on H.

A C*-algebraic approach to the loop transform and generalized mea-
sures on A/G was introduced by Ashtekar and Isham [3] in the context of
SU(2) gauge theory, and subsequently developed by Ashtekar, Lewandow-
ski, and the author [4, 10]. The basic concept is that of the holonomy
C*-algebra. Let X be a manifold, ‘space’, and let P — X be a princi-
pal G-bundle over X. Let A denote the space of smooth connections on P,
and G the group of smooth gauge transformations. Fix a finite-dimensional
representation p of G and define Wilson loop functions T'(vy) = T'(vy,-) on
A/G taking traces in this representation.

Define the ‘holonomy algebra’ to be the algebra of functions on A4/G
generated by the functions T'(y) = T'(v, ). If we assume that G is compact
and p is unitary, the functions T'(y) are bounded and continuous (in the
C* topology on .A/G). Moreover, the pointwise complex conjugate T'(y)*
equals T(y~1), where =1 is the orientation-reversed loop. We may thus
complete the holonomy algebra in the sup norm topology:

[flloc = sup |f(A)]
A€eA/G

and obtain a C*-algebra of bounded continuous functions on A/G, the
‘holonomy C*-algebra’, which we denote as Fun(A/G) in order to make
clear the relation to the previous section.

While in what follows we will assume that G is compact and p is unitary,
it is important to emphasize that for Lorentzian quantum gravity G is not
compact! This presents important problems in the loop representation
of both 3- and 4-dimensional quantum gravity. Some progress in solving
these problems has recently been made by Ashtekar, Lewandowski, and
Loll [4, 5, 33].

Recall that in the previous section the loop transform of functions on
A/G was defined using a measure on A/G. It turns out to be more natural
to define the loop transform not on Fun(.A/G) but on its dual, as this
involves no arbitrary choices. Given p € Fun(A/G)* we define its loop
transform /i to be the function on the space M of multiloops given by

(Y15 m) = (T (1) - Tyn))-

Let Fun(M) denote the range of the loop transform. In favorable cases,
such as G = SU(N) and p the fundamental representation, the loop trans-
form is one-to-one, so

Fun(A/G)* = Fun(M).

This is the real justification for the term ‘string field/gauge field duality’.
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We may take the ‘generalized measures’ on A4/G to be simply ele-
ments g € Fun(A/G)*, thinking of the pairing p(f) as the integral of
f € Fun(A/G). If u is a state on Fun(.A/G), we may construct the kine-
matical Hilbert space Hp;, using the GNS construction. Note that the
kinematical inner product

(Uf1, (9 kin = (f*g)

then generalizes the L? inner product used in the previous section. Note
that a choice of generalized measure p also allows us to define the loop
transform as a linear map from Fun(A/G) to Fun(M)

fOrs o) = pu(T(n) - T(va)f)

in a manner generalizing that of the previous section. Moreover, there is
a unique inner product on Fun(M) such that this map extends to a map
from Hy;, to the Hilbert space completion of Fun(M). Note also that
Diffo(X) acts on Fun(A/G) and dually on Fun(A/G)*. The kinematical
Hilbert space constructed from a Diff(X)-invariant state p € Fun(A/G)
thus becomes a unitary representation of Diffo(X).

It is thus of considerable interest to find a more concrete description of
Diff o (X )-invariant states on the holonomy C*-algebra Fun(.4/G). In fact, it
is not immediately obvious that any exist, in general! For technical reasons,
the most progress has been made in the real-analytic case. That is, we take
X to be real analytic, Diffo(X) to consist of the real-analytic diffeomor-
phisms connected to the identity, and Fun(A4/G) to be the holonomy C*-
algebra generated by real-analytic loops. Here Ashtekar and Lewandowski
have constructed a Diffo(X )-invariant state on Fun(.A/G) that is closely
analogous to the Haar measure on a compact group [4]. They have also
given a general characterization of such diffeomorphism-invariant states.
The latter was also given by the author [10], using a slightly different for-
malism, who also constructed many more examples of Diffo(X)-invariant
states on Fun(A/G). There is thus some real hope that the loop represen-
tation of generally covariant gauge theories can be made rigorous in cases
other than the toy models of the previous two sections.

We conclude with some speculative remarks concerning 4d quantum
gravity and 2-tangles. The correct inner product on the physical Hilbert
space of 4d quantum gravity has long been quite elusive. A path integral
formula for the inner product has been investigated recently by Rovelli
[48], but there is as yet no manifestly well-defined expression along these
lines. On the other hand, an inner product for ‘relative states’ of quantum
gravity in the Kauffman bracket state has been rigorously constructed by
the author [9], but there are still many questions about the physics here.
The example of 2d Yang—Mills theory would suggest an expression for the
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inner product of string states

<'71777n|'7177’71/1>

as a sum over ambient isotopy classes of surfaces f: ¥ — [0,¢] X X having
the loops v;, ! as boundaries. In the case of embeddings, such surfaces are
known as ‘2-tangles’, and have been intensively investigated by Carter and
Saito [14] using the technique of ‘movies’.

The relationships between 2-tangles, string theory, and the loop rep-
resentation of 4d quantum gravity are tantalizing but still rather obscure.
For example, just as the Reidemeister moves relate any two pictures of the
same tangle in 3 dimensions, there are a set of movie moves relating any
two movies of the same 2-tangle in 4 dimensions. These moves give a set
of equations whose solutions would give 2-tangle invariants. For example,
the analog of the Yang—Baxter equation is the Zamolodchikov equation,
first derived in the context of string theory [26]. These equations can be
understood in terms of category theory, since just as tangles form a braided
tensor category, 2-tangles form a braided tensor 2-category [25]. It is thus
quite significant that Crane [16] has initiated an approach to generally co-
variant field theory in 4 dimensions using braided tensor 2-categories. This
approach also clarifies some of the significance of conformal field theory
for 4-dimensional physics, since braided tensor 2-categories can be con-
structed from certain conformal field theories. In a related development,
Cotta-Ramusino and Martellini [15] have endeavored to construct 2-tangle
invariants from generally covariant gauge theories, much as tangle invari-
ants may be constructed using Chern—Simons theory. Clearly it will be
some time before we are able to appraise the significance of all this work,
and the depth of the relationship between string theory and the loop rep-
resentation of quantum gravity.
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Abstract
We discuss the relations between (topological) quantum field theo-

ries in 4 dimensions and the theory of 2-knots (embedded 2-spheres
in a 4-manifold). The so-called BF theories allow the construction
of quantum operators whose trace can be considered as the higher-
dimensional generalization of Wilson lines for knots in 3 dimensions.
First-order perturbative calculations lead to higher-dimensional link-
ing numbers, and it is possible to establish a heuristic relation be-
tween BF theories and Alexander invariants. Functional integration-
by-parts techniques allow the recovery of an infinitesimal version of
the Zamolodchikov tetrahedron equation, in the form considered by
Carter and Saito.

1 Introduction

In a seminal work, Witten [1] has shown that there is a very deep connection
between invariants of knots and links in a 3-manifold and the quantum
Chern—Simons field theory.

One of the questions that is possible to ask is whether there exists
an analog of Witten’s ideas in higher dimensions. After all, knots and
links are defined in any dimension (as embeddings of k-spheres into a (k +
2)-dimensional space), and topological quantum field theories exist in 4
dimensions [2, 3].

The question, unfortunately, is not easy to answer. On one hand, the
theory of higher-dimensional knots and links is much less developed; the
relevant invariants are, for the time being, more scarce than in the theory
of ordinary knots and links. As far as 4-dimensional topological field
theories are concerned, only the general BRST structure has been thor-
oughly discussed; perturbative calculations, at least in the non-Abelian
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case, do not appear to have been carried out. Even the quantum observ-
ables have not been clearly defined (in the non-Abelian case). Moreover,
Chern—-Simons theory in 3 dimensions benefited greatly from the results of
(2-dimensional) conformal field theory. No analogous help is available for
4-dimensional topological field theories.

In this paper we make some preliminary considerations and proposals
concerning 2-knots and topological field theories of the BF type. Specifi-
cally we propose a set of quantum observables associated to surfaces em-
bedded in 4-space. These observables can be seen as a generalization of
ordinary Wilson lines in 3 dimensions. Moreover, the framework in which
these observables are defined fits with the picture of 2-knots as ‘movies’
of ordinary links (or link diagrams) considered by Carter and Saito (see
references below). It is also possible to find heuristic arguments that may
relate the expectation values of our observables in the BF' theory with the
Alexander invariants of 2-knots.

As far as perturbative calculations are concerned, they are much more
complicated than in the lower-dimensional case. Nevertheless it is pos-
sible to recover a relation between first-order calculations and (higher-
dimensional) linking numbers, which parallels a similar relation for ordinary
links in a 3-dimensional space.

Finally, in 4 dimensions it is also possible to apply functional integration-
by-parts techniques. In this case, these techniques produce a solution of
an infinitesimal Zamolodchikov tetrahedron equation, consistent with the
proposal made by Carter, Saito, and Lawrence.

2 BF theories and their geometrical significance

We start by considering a 4-dimensional Riemannian manifold M, a com-
pact Lie group G, and a principal bundle P(M, G) over M. If A denotes a
connection on such a bundle, then its curvature will be denoted by F4 or
simply by F. The space of all connections will be denoted by the symbol
A and the group of gauge transformations by the symbol G. The group G,
with Lie algebra Lie(G), will be, in most cases, the group SU(n) or SO(n).

Looking for possible topological actions for a 4-dimensional manifold,
we may consider [2, 3] the (Gibbs measures of the)

1. ‘Chern’ action

exp(—m/ ’I‘rp(F/\F)>7 (2.1)
M
2. ‘BF’ action

exp(—/\ /M Tr, (B A F)) . (2.2)

In the formulae above x and A are coupling constants, p is a given represen-
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tation of the group G and of its Lie algebra. The curvature F is a 2-form
on M with values in the associated bundle P X aq Lie(G) or, equivalently,
a tensorial 2-form on P with values in Lie(G).

The field B in eqn (2.2) is assumed (classically) to be a 2-form of the
same nature as F'. We shall see, though, that the quantization procedure
may force B to take values in the universal enveloping algebra of Lie(G).
It is then convenient to discuss the geometrical aspects of a more general
BF theory, where B is assumed to be a 2-form on M with values in the
associated bundle P x aq UG where UG is the universal enveloping algebra
of Lie(G). In other words B is a section of the bundle

A (T*M) ® (P xaq UG).

The space of forms with values in P X aq UG will be denoted by the sym-
bol Q*(M,UadP): this space naturally contains Q*(M, adP), the space of
forms with values in P X aq Lie(G).

In order to obtain an ordinary form on M from an element of
Q*(M,UadP), one needs to take the trace with respect to a given represen-
tation p of Lie(G). Notice that the wedge product for forms in Q* (M, Uad P)
is obtained by combining the product in 4G with the exterior product for
ordinary forms.

We now mention some examples of B-fields that have a nice geometrical
meaning:

1. Let LM — M be the frame bundle and let 6 be the soldering form.
It is an R"-valued 1-form, given by the identity map on the tangent
space of M. For any given metric g we consider the reduced SO(n)-
bundle of orthonormal frames OyM. A wielbein in physics is defined
as the R"-valued 1-form on M given by ¢*6, for a given section
o: M — O,M. We now define the 2-form B € Q?(M,adO,M) as

B= 9/\9T|OQM,

where 7' denotes transposition. In the corresponding BF action, the
curvature F' is the curvature of a connection in the orthonormal frame
bundle O,M. This action is known to be (classically) equivalent to
the Einstein action, written in the vielbein formalism.

2. The manifold A is an affine space with underlying vector space
QY (M,adP). We denote by 7 the 1-form on A given by the iden-
tity map on the tangent space of A, i.e. on Q'(M,adP). From this
we can obtain the 2-form on A

B=nAn, (2.3)
with values in Q?(M,UadP). More explicitly, B can be defined as
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B(a,0)(X,Y)|p.a = a(X)b(Y) — a(Y)b(X) — b(X)a(Y) + b(Y)a(X),
(2.4)
where a,b € TaA; X,Y € T,P.

We now want to show that the BF action considered in the last example
is connected with the ABJ (Adler—Bell-Jackiw) anomaly in 4 dimensions.
On the principal G-bundle

PxA— MxA (2.5)

we can consider the tautological connection defined by the following hori-
zontal distribution:

Hor,, 4 = Hor} @ TaA (2.6)

where HOI;,4 denotes the horizontal space at p € P with respect to the
connection A. The connection form of the tautological connection is given
simply by A, seen as a (1,0)-form on P x A. Its curvature form is given by

Fpa=(Fa)p+na. (2.7)

Let us now use @; to denote an irreducible ad-invariant polynomial on
Lie(G) with [ entries. Integrating the Chern—Weil forms corresponding to
such polynomials over M we obtain (for I = 2,3,4)

/ Qz(f,f):kQ/ Tr,(Fa A Fa) (2.8)

M M

/ Qg(]:,]:,]:)zk3/ TTP(B/\FA) (2.9)
M M

/Q4(}",f,}",f):k4/ Tr,(B A B) (2.10)
M M

where B is defined as in equs (2.3) and (2.4), and k; are normalization
factors. In eqn (2.10) the wedge product also includes the exterior product
of forms on A.

As Atiyah and Singer [4] pointed out, one can consider together with
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(2.5) the following principal G-bundle!?:

PxA A

- Mx G (2.11)
Any connection on the bundle A — A/G determines a connection on the
bundle (2.11) and hence on the bundle (2.5). When we consider such a
connection on (2.5) instead of the tautological one, then the left-hand side
of eqn (2.9) becomes the term which generates, via the so-called ‘descent
equation’, the ABJ anomaly in 4 dimensions [4, 5]. Hence the BF action
(2.9) is a sort of gauge-fixed version of the generating term for the ABJ
anomaly.

In any BF action one has to integrate forms defined on M x A. Hence
we can consider different kinds of symmetries [4, 6]:

1. ‘connection invariance’: this refers to forms on M x A which are
closed: when they are integrated over cycles of M, they give closed
forms on A.

2. ‘gauge invariance’: this refer to forms which are defined over M x A,
A
but are pullbacks of forms defined over M x g

3. ‘diffeomorphism invariance’: this can be considered whenever we have

an action of Diff (M) over P and over A. In particular we can consider
diffeomorphism invariance when P is a trivial bundle, or when P is
the bundle of linear frames over M. In the latter case
PxA Mx A
—
Diff (M) Diff (M)

(2.12)

is a principal bundle!.

4. ‘diffeomorphism/gauge invariance’: this refers to the action of AutP,
i.e. the full group of automorphisms of the principal bundle P (in-
cluding the automorphisms which do not induce the identity map on
the base manifold). This kind of invariance implies gauge invariance
and diffeomorphism invariance when the latter is defined.

For instance, the Chern action (2.1) is both connection and diffeomor-
phism/gauge invariant, while the BF action (2.2) is gauge invariant and
its connection invariance depends on further specifications. In particular
the BF action of example 2 is connection invariant, while the action of

13Strictly speaking, in this case, one should consider either the space of irreducible
connections and the gauge group, divided by its center, or the space of all connections
and the group of gauge transformations which give the identity when restricted to a
fixed point of M. We always assume that one of the above choices is made.

141n fact one should really consider only the group of diffeomorphisms of M which
strongly fix one point of M. Also, instead of LM x A it is possible to consider
Opx Ametric namely the space of all orthonormal frames paired with the corresponding
metric connections (see e.g. [5]).
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example 1 is not. More precisely, in example 1, the integrand of the BF
action defines a closed 2-form on O,M X A, i.e. we have

54 (/M Tr {F A6 A 9T]|OQM}) ~0

only when the covariant derivative d46 is zero; in other words, the critical
connections are the Levi-Civita connections.
When B is given by (2.3), then for any 2-cycle ¥ in M

/TrB /Qg]-"/\}'

is a closed 2-form on A and so we have a map
w: Zo(M) — Z2(A), (2.13)

where Z; (Z?) denotes 2-cycles (2-cocycles). When we replace the curva-
ture of the tautological connection with the curvature of a connection in
the bundle (2.11), then we again obtain a map (2.13), but now this map
descends to a map

s Hy(M) — H2(§). (2.14)
The map (2.14) is the basis for the construction of the Donaldson polyno-
mials [7].

As a final remark we would like to mention BF theories in arbitrary
dimensions. When M is a manifold of dimension d, then we can take the
field B to be a (d — 2)-form, again with values in the bundle P x pq UG.
The form (2.4) then makes perfect sense in any dimension.

A special situation occurs when the group G is SO(d). In this case
there is a linear isomorphism

A*(R?Y) — Lie(SO(d)), (2.15)

defined by . ‘
e;Nej — (E; — Elj),

where {e;} is the canonical basis of R? and EJZ is the matrix with entries

(E})n = 0m,i0n ;. The isomorphism (2.15) has the following properties:

1. It is an isomorphism of inner product spaces, when the inner product
in Lie(SO(d)) is given by (A, B) = (—1/2)TrAB.

2. The left action of SO(d) on R™ corresponds to the adjoint action on
Lie(SO(d)).

One can then consider a principal SO(d)-bundle and an associated bundle
E with fiber R?. In this special case we can consider a different kind of
BF theory, where the field B is assumed to be a (d — 2)-form with values
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in the (d — 2)th exterior power of E. In this case the corresponding BF
action is given by

exp(—)\/MB/\F), (2.16)

where the wedge product combines the wedge product of forms on M with
the wedge product in A*(R?). The action (2.16) is invariant under gauge
transformations. When the SO(d)-bundle is the orthonormal bundle and
the field B is the (d — 2)th exterior power of the soldering form, then the
corresponding BF' action (2.16) gives the (classical) action for gravity in d
dimensions, in the so-called Palatini (first-order) formalism [8, 9].

3 2-knots and their quantum observables

In Witten—Chern—Simons [1] theory we have a topological action on a 3-
dimensional manifold M3, and the observables correspond to knots (or
links) in M3. More precisely to each knot we associate the trace of the
holonomy along the knot in a fixed representation of the group G, or
‘Wilson line’. In 4 dimensions we have at our disposal the Lagrangians
considered at the beginning of the previous section. It is natural to con-
sider as observables, quantities (higher-dimensional Wilson lines) related
to 2-knots.

Let us recall here that while an ordinary knot is a 1-sphere embedded
in 3 (or R?), a 2-knot is a 2-sphere embedded in S* or in the 4-space
R*. A generalized 2-knot in a 4-dimensional closed manifold M can be
defined as a closed surface ¥ embedded in M. Two 2-knots (generalized or
not) will be called equivalent if they can be mapped into each other by a
diffeomorphism connected to the identity of the ambient manifold M.

The theory of 2-knots (and 2-links) is less developed than the theory of
ordinary knots and links. For instance, it is not known whether one can
have an analogue of the Jones polynomial for 2-knots. On the other hand,
one can define Alexander invariants for 2-knots (see e.g. [10]).

The problem we would like to address here is whether there exists a
connection between 4-dimensional field theories and (invariants of) 2-knots.
Namely, we would like to ask whether there exists a generalization to 4
dimensions of the connection established by Witten between topological
field theories and knot invariants in 3 dimensions.

Even though we are not able to show rigorously that a consistent set of
non-trivial invariants for 2-knots can be constructed out of 4-dimensional
field theories, we can show that there exists a connection between BF
theories in 4 dimensions and 2-knots. This connection involves, in different
places, the Zamolodchikov tetrahedron equation as well as self-linking and
(higher-dimensional) linking numbers.

In Witten’s theory one has to perform functional integration upon an
observable depending on the given (ordinary) knot (in the given 3-manifold)
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with respect to a topological Lagrangian. Here we want to do something
similar, namely we want to perform functional integration upon different
observables depending on a given embedded surface ¥ in M with respect
to a path integral measure given by the BF action.

The first (classical) observable we want to consider is

T, exp( /E Ho1(A,yy,x)B(y)HouA,yz,y)), ye. (3.1)

Here by Hol(A, 7,,») we mean the holonomy with respect to the connection
A along the path 7 joining two given points y and = belonging to !5,
Expression (3.1) has the following properties:

1. It depends on the choice of a map assigning to each y € ¥ a path
7 joining x and z and passing through y; more precisely, it depends
on the holonomies along such paths. One expects that the functional
integral over the space of all connections will integrate out this de-
pendency. More precisely, we recall that the (functional) measure
over the space of connections is given, up to a Jacobian determinant,
by the measure over the paths over which the holonomy is computed.
See in this regard the analysis of the Wess—Zumino—Witten model
made by Polyakov and Wiegmann [11].

2. It is gauge invariant if we consider only gauge transformations that
are the identity at the points = and z. In the special case when z and
x coincide, then (3.1) is gauge invariant without any restriction.

The functional integral of (3.1) can be seen as the vacuum expectation
value of the trace (in the representation p) of the quantum surface operator
denoted by O(X;z, z). In other words we set

O(%;x,2) = exp (/Z Hol(A,vy,gg)B(y)Hol(A,vz,y)>7 y e, (3.2)

where, in order to avoid a cumbersome notation, we did not write the ex-
plicit dependence on the paths v, and we did not use different symbols for
the holonomy and its quantum counterpart (quantum holonomy). More-
over, in (3.2) a time-ordering symbol has to be understood.

Note that we will also allow the operator (3.2) to be defined for any
embedded surface X closed or with boundary. In the latter case the points
x and z are always supposed to belong to the boundary.

As far as the role of the paths « considered above is concerned, we
recall that, in a 3-dimensional theory with knots, a framing is a (smooth)
assignment of a tangent vector to each point of the knot. In 4 dimensions,

15We assume to have chosen once and for all a reference section for the (trivial) bundle
P|x. Hence the holonomy along a path is defined by the comparison of the horizontally
lifted path and the path lifted through the reference section.



BF Theories and 2-knots 177

instead, we assign a curve to each point of the 2-knot. We will refer to
this assignment as a (higher-dimensional) framing. We will also speak of a
framed 2-knot.

4 Gauss constraints

In order to study the quantum theory corresponding to (2.2), we first con-
sider the canonical quantization approach. We take the group G to be
SU(n) and consider its fundamental representation; hence we write the
field B as B + Y., B*R®. Here B is a multiple of 1 and {R"} is an or-
thonormal basis of @,-, UG. In the BF action we can disregard the B
component of the field B.

We choose a time direction ¢ and write in local coordinates (t,x) =
(t,zt, 22, 23)

d=di+d,, A=Agdt+ A, =Aodt+Y Aida’ (i =1,2,3),

Fa =Y (dAi) Ndo' + (dpAg) Adt+ Y [Ai, Aglda’ Adt+ Y Fyjdat Ada?
i i 1<J
B = Bjda' Ada’ + Bdt A da'.

i<j

In local coordinates the action is given by

L= /M Te(B A Fa) (4.1)

~ / Z Tr(Bi;di Ax + BiFjdt + Ag(DB)yjr)dx’ A da? A daF,
M3xI
7,7,k

where D denotes the covariant 3-dimensional derivative with respect to the
connection A,.

We first consider the pure BF' theory, namely, a BF' theory where no
embedded surface is considered. We perform a Legendre transformation for

the Lagrangian £; the conjugate momenta to the fields B; and Ay, namely
oL oL

5B and 5@ Ag)’ are zero, so we have the primary constraints:
t D tAo
oL oL
o8, Jzk: €ijk(Fa, )ik =0, oA ;Eijk(DB)ijk =0. (42)

We do not have secondary constraints since the Hamiltonian is zero; hence
the time evolution is trivial. At the formal quantum level the constraints
(4.2) will be written as

(FAz)0p|¢physical> =0, (DB)op|¢physical> =0, (4'3)
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where o, stands for ‘operator’ and the vectors |@physical) Span the physical
Hilbert space of the theory.

We now consider the expectation value of Tr,O(X; z,z) (see definition
(3.2)). We still want to work in the canonical formalism; the result will
be that instead of the constraints (4.2) and (4.3), we will have a source
represented by the assigned surface ¥. In order to represent the surface
operator (3.2) as a source action term to be added to the BF action, we
assume that we have a current (singular 2-form) Jging, concentrated on the
surface X, of the form

Jeing = Y _ JongR".

Thus Jsing can take values in UG, but has no component in C C U(G).
We are now in a position to write the operator (3.2) as

O(X;2,2) = exp </ Tr[Hol(A, 7y,-) B(y)Hol (4,72 ) A Jsing]>7 (4.4)
M
where for any A, B € UG, A=, A°R*, B =" B*R° we have set'6
Tr(AB) = Y A"B".

From (4.4) it follows that the component of Jgne in Lie(G) does not give
any significant contribution. We now assume Jging € U?G. In this way we
neglect possible higher-order terms in U*G C UG, but this is consistent
with our semiclassical treatment.

With the above notation and taking into account the BF action as well,
the observable to be functionally integrated is

Tr, exp (/M 'fr{[Hol(A,”yyﬁz)B(y)Hol(A,'yzyy)]

Aling — Hol(A, 7. )~ F(y)Hol(A, 7,..) " }>. (4.5)

At this point the introduction of the singular current allows us to rep-
resent formally a theory with sources concentrated on surfaces as a pure
BF theory with a new ‘curvature’ given by the difference of the previ-
ous curvature and the currents associated to such sources. From eqn
(4.4) we conclude, moreover, that Jgng as a 2-form should be such that
Jsing(y) A d?a(y) # 0, y € 3, where d?0(y) is the surface 2-form of 3.
Now we choose a time direction and proceed to an analysis of the
Gauss constraints as in the pure BF' theory. We assume that locally the
4-manifold M is given by M3 x I (I being a time interval) and the inter-

161n particular Tr coincides with Tr when A, B € Lie(G).
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section of the 3-dimensional manifold M3 x {t} with the surface ¥ is an
ordinary link Lj;.
In a neighborhood of y € ¥ the current Jsine will look like

@e(13y) = 07 (¢ — y)R® dah A dad, yex, (4.6)

where II is a plane orthogonal to ¥ at y (with coordinates z{; and ) and
§(") denotes the n-dimensional delta function.

The Gauss constraints imply that in the above neighborhood of y €
we have

F(z) = Hol(A, v, ) J&n. (z;y)HOl(A, vy 2), y € E,z €11, (4.7)

sing

where 7 is a loop in ¥ based at z and passing through y. The right-hand
side of (4.7) is also equal to

OHOl(A,72y.2)
0A(x)

Notice that the previous analysis implies that the components of the
curvature F'® (and consequently the components of the connection A?%)
must take values in a non-commutative algebra, at least when sources are
present. More precisely the components F'* (as well as A%) should be
proportional to R* € Lie(G). Given the fact that B and A® are conjugate
fields, we can conclude that the (commutation relations of the) quantum
theory will require B® to be proportional to R* as well.

As in the lower-dimensional case (ordinary knots (or links) as sources
in a 3-dimensional theory, [12]) the restriction of the connection A to the
plane II looks (in the approximation for which Hol(4,~, ;) = 1) like

A%(2)|n = R* dlog(x — y) (48)

;ye X xell

for a given y € 3 (here d is the exterior derivative).

In order to have some geometrical insight into the above connection, we
consider a linear approximation, where the surface ¥ can be approximated
by a collection of 2-dimensional planes in R?, i.e. by a collection of hyper-
planes in C2. These hyperplanes, and the hyperplane II considered above,
are assumed to be in general position. This means that the intersection of
the hyperplane IT with any other hyperplane is given by a point.

The quantum connection (4.8) on II gives a representation of the first
homotopy group of the manifold of the arrangements of hyperplanes (points)
in II, i.e. more simply, of the (pure) braid group [1, 13]. It is then natu-
ral to ask whether the same is true in 4 dimensions, namely whether the
4-dimensional connection, corresponding to the (critical) curvature (4.7)
(in the linear approximation defined above), is related to the higher braid
group [14]. We will discuss this point further elsewhere; let us mention
only that the 4-dimensional critical connection is related to the existence
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of a higher-dimensional version of the Knizhnik—Zamolodchikov equation
associated with the representation of the higher braid groups, as suggested
by Kohno [15].

5 Path integrals and the Alexander invariant of a 2-
knot

In the previous section we worked specifically in the canonical approach.
When instead we consider a covariant approach, and compute the expec-
tation values, with respect to the BF functional measure only, we can
write!”

(Tr, O(%; 2, 2)) =

/ DADB Tr, exp (T} /MB(a:)A(F(x)—Hol(A,yz,z)Jsing(a:)Hol(A,72@))).

(5.1)
Again, in the approximation in which Hol(4,~, .) = 1, we can set

(Tr, O(Z; x, 7)) =~ / DADB Tr, exp <Tr /M B(z) A (F(z) — Jsing(a:))>.

(5.2)
A rough (and formal) estimate of the previous expectation value (5.2) can
be given as follows.
By integration over the B field we obtain something like

(Tr, O(Z;z,2)) = dim(p)/D(A)é(F — Jsing), (5.3)

using a functional Dirac delta. By applying the standard formula for Dirac
deltas evaluated on composite functions, we heuristically obtain

(Tr,0(S; 2, 2)) = dim(p) |det(Da, [ans)| ™", (5.4)

where det (D 4,|ar\x) denotes the (regularized) determinant of the covariant
derivative operator with respect to a background flat connection Ag on the
space M\X.

It is then natural to interpret the expectation value (5.4) (with the
Faddeev—Popov ghosts included) as the analytic (Ray—Singer) torsion for
the complement of the 2-knot ¥ (see [16, 17]). This torsion is related to
the Alexander invariant of the 2-knot [18].

17We omit the ghosts and gauge-fixing terms [3], since they are not relevant for a
rough calculation of (5.1).
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6 First-order perturbative calculations and
higher-dimensional linking numbers

Let us now consider the expectation value of the quantum surface observ-
able Tr, O(X; x, x), with respect to the total BF + Chern action. The two
fields involved in the quantum surface operator are Af (the connection)
and By, (the B-field) with a = 1,...,dim(G) and p,v = 1,...,4. The
connection A is present in the quantum surface operator via the holonomy
of the paths v, . and v, (y € ¥) as in definitions (3.1) and (3.2).

At the first-order approximation in perturbation theory (with a back-
ground field and covariant gauge), we can write the holonomy as

Hol(A,vy0) & 1+ n/ > Au(z)det o+
Yy,z

At the same order, the only relevant part of the BF action is the kinetic
part (B AdA), so we get the following Feynman propagator:

(@ —y7)

. (6.1)

(A @) B () = 5y =M i

In order to avoid singularities, we perform the usual point-splitting regu-
larization. This is tantamount to lifting the loops 7;,y,. in a neighborhood
of y. The lifting is done in a direction which is normal to the surface .

The complication here is that the loop = itself (based at x and passing
through y) depends on the point y. While the general case seems difficult
to handle, we can make simplifying choices which appear to be legitimate
from the point of view of the general framework of quantum field theory.
For instance, we can easily assume that when we assign to a point y the
loop 7z,y,« based at  and passing through y, then the same loop will be
assigned to any other point 3" belonging to .

Moreover, we can consider an arbitrarily fine triangulation 7" of 3 and
take into consideration only one loop yr which has non-empty intersection
with each triangle of T'. This approximation will break gauge invariance,
which will be, in principle, recovered only in the limit when the size of the
triangles goes to zero. (For a related approach see [19].) The advantage of
this particular approximation is that we have only to deal with one loop
~vr, which by point-splitting regularization is then completely lifted from
the surface. We call this lifted path +}, where r stands for regularized.

Finally we get (to first-order approximation in perturbation theory and
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up to the normalization factor (1)'®)

(Trp, O(%; 2, 1)) =

. 21/{ 1 (x7 —y7)
dim(p) |1+ Ca(p )\ 2 Z ew,m./ daxtdx” /’Y;dyﬂr+... ,

4
B, 5T i
(6.2)
where Cs(p) is the trace of the quadratic Casimir operator in the represen-
tation p. When ¥ is a 2-sphere, then (6.2) is given by
2ik ., .,
2 g

dim(p) |1+ Calp)

where L£(vf, %) is the (higher-dimensional) linking number of ¥ with ~7.
[20].

7 Wilson ‘channels’

Let ¥ again represent our 2-knot (surface embedded in the 4-manifold
M). Carter and Saito [21, 22], inspired by a previous work by Roseman
[23], describe a 2-knot ¥ (in fact an embedded 2-sphere) in 4-space by the
3-dimensional analogue of a knot diagram: they project down X to a 3-
dimensional space, keeping track of the over- and under-crossings. One of
the coordinates of this 3-space is interpreted as ‘time’. The intersection of
this 3-dimensional diagram of a 2-knot with a plane (at a fixed time) gives
an ordinary link diagram, while the collection of all these link diagrams at
different times (‘stills’) gives a ‘movie’ representing the 2-knot.

In the Feynman formulation of field theory, we start by considering the
surface ¥ embedded in the 4-manifold M directly, not its projection. At
the local level M will be given by M3 x I (I being a time interval), so
that the intersection of the 3-dimensional manifold M3 x {t} with ¥ gives
an ordinary link L, (for all times t) in M3. In order to connect quantum
field theory with the standard theory of 2-knots, we assume more simply
that M is the 4-space R* and that ¥ is a 2-sphere. One coordinate axis
in R?* is interpreted as time, and the intersection of ¥ with 3-space (at
fixed times) is given by ordinary links, with the possible exception of some
critical values of the time parameter.

In other words, we have a space projection 7;: R* — R? for each time
t, so that

LX) =n ' (R3NE

is, for non-critical times, an ordinary link. For any time interval (¢1,t2) we

8 While the normalization factor for a pure (4-dimensional) BF theory appears to be
trivial [17], in a theory with a combined BF + Chern action we have a contribution
coming from the Chern action. This contribution has been related to the first Donaldson
invariant of M [2].
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will also use the notation ¥, 4, = Ute(thb){wfl(R?’) Nx}.

We consider a set 7 of (non-critical) times {#;};=1.... ». We denote the
components of the corresponding links L;, by the symbols Kz-j (i), j =
1,...,8(i). Here and below we will write j(i) simply to denote the fact
that the index j ranges over a set depending on i. We choose one base-
point 7] 9@ in each knot KJ(Z) and we denote by EJ(Z)’](%H) the surface
contained in ¥ whose boundary includes K" @) and Kfj(fr Y. We then as-
sign a framing to Eﬂi)d(iﬂ)
of 334D

as follows: for each point p in the interior

(%) 3(i+1)

we associate a path with endpoints x; "~ and ! ;11 Dpassing

i+1)

through p. To the surface X/ (04 with boundary components Kf @ and

K7D , we associate the operator
1+1
IlOl(A7 K:Lj(l))wj(l) O(EZ<1)7J(Z+1),$Z(1) xX; (H_l)) Ho I(A, Kg_(:ii_l))mj(wrl),
k3 41
(7.1)

where the subscript to the term Hol(4,...) denotes the basepoint.

We refer to the 2-knot ¥ equipped with the set 7 of times as the
(temporally) sliced 2-knot. For the sliced 2-knot, we define the Wilson
channels to be the operators of the form

O(E(—oo,h)) HOI(Aa Kll)z%

Hol(A, K/ ) 0 O] 50 Hol(A, KIE)

2

OB (1, o0y T, +00). (7.2)

We assume the following requirements for the Wilson channels:

1. The operators which appear in a Wilson channel are chosen in such
a way that a surface operator is sandwiched between knot operators
only if the relevant knots belong to the boundary of the surface.

2. The paths that are included in the surface operators O(x"7(1))

are not allowed to touch the boundaries of the surface, except at the
initial and final point.

Finally, to the ‘sliced’ 2-knot we associate the product of the traces of all
possible Wilson channels. This product can be seen as a possible higher-
dimensional generalization of the Wilson operator for ordinary links in
3-space that was considered by Witten.

We would like now to compare the Wilson channel operators associated
to a sliced 2-knot ¥ with the operator

O(%; —00, +0) (7.3)

considered in Section 5 (no temporal slicing involved). The main difference
concerns the prescriptions that are given involving the paths + that enter
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the definition of (7.3) (or, equivalently, the framing of the 2-knot). The
Wilson channels are obtained from (7.3) by:

1. choosing a finite set of times 7 = {¢;}, and

2. requiring the paths v to follow one of the components of the link Ly,
for each t € T.

Finally, recall that in the Wilson channel operators, each of the paths ~y
is forbidden to follow two separate components of the same link L;, for
any time ¢t € 7. This last condition can be understood by noticing that
in order to follow both the jth and the j'th components of the link L,,
for some i, j(i), 7' (), one path should follow the jth component, then enter
the surface /P70 (which is assumed to be equal to Egl(l)’JN(Hl)), and
finally go back to the j'th component, thus contradicting a (local) causality
condition.

8 Integration by parts

The results of the previous section imply that, given a temporally sliced 2-
knot 3, we can construct quantum operators by considering all the Wilson
channels relevant to surfaces %70 i <1 (; > 1), and links Ly, for
i <1 (i >1). Let us denote these quantum operators by the terms

Wi, 1), WU, ). (8.1)

They can be seen as a sort of convolution, depending on ¥, of all the
quantum holonomies associated to the links Ly, for ¢ <1 (i > 1).

Ordinary links are the closure of braids, and one may describe the sur-
face which generates the different links at times {¢;} as a sequence (movie)
of braids [24]. But a link is also obtained by closing a tangle, and the
time evolution of a link (represented by a surface) can also be described
in terms of 2-tangles, i.e. movies of (ordinary) tangles. It has been shown
that 2-tangles form a (rigid, braided) 2-category [25]. The 2-tangle ap-
proach (with its 2-categorical content) may reveal itself as a useful one for
quantum field theory.

The initial tangle is called the source and the final tangle is called the
target. In our case, say, the source represents L;, while the target represents
Ly, , for I' > 1. The quantum counterpart of the source and target is
represented by the quantum holonomies associated to the corresponding
links, while the quantum counterpart of the 2-tangle is represented by the
quantum surface operator relevant to the surface X4, 4,

One can think of the quantum surface operators as acting on quantum
holonomies (by convolution), but it is difficult to do finite calculations
and write this action explicitly. What we can do instead is to make some
infinitesimal calculations using integration-by-parts techniques in Feynman
path integrals.
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Fi1c. 1. Three strings

Generally speaking, in a finite time evolution t; — t;/, the quantum
surface operator (defined by the surface with boundaries L;, and Ly, ) will
map the operator W*(X, ;) into the operator Win(%, #,). Let us now con-
sider what can be seen as the ‘derivative’ of this map. Namely, let us see
what happens when we consider the quantum operator corresponding to a
surface bordering two links L;, and L}, that differ by an elementary change.
What the functional integration-by-parts rules will show, is that one can in-
terchange a variation of the surface operator with a variation of the link
(and consequently of its quantum holonomy). So in order to compute the
‘derivative’ of the surface operator, we may consider variations of the link
Ltz .

In order to describe elementary changes of links, recall that braids or
tangles (representing links at a fixed time) can be seen as collections of
oriented strings, while 2-tangles describe the interaction of those strings
[26]. We consider now two links that differ from each other only in a
(small) region involving three strings. Let us number these strings with
numbers 1,2,3. The string 1 crosses under the string 2, then the string 2
crosses under the string 3, and the string 1 crosses under the string 3. We
denote by the symbols a and b the part of each string that precedes and,
respectively, follows the first crossing, as shown in Fig. 1.

The integration-by-parts rules for the BF' theory are as follows. We
consider a knot K lJ (l), which we denote here by C' in order to simplify the
notation, and a point € C. By the symbol §, we mean the variation (of
(') obtained by inserting an infinitesimally small loop ¢, in C at the point
. We obtain

3 (Hol(A,C)m)exp(—/\ / Tr(BAF))

M

= 3" dHOl(A, C), FL, R* exp<f)\ / Te(B A F))

v,a M
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_ 2_; uvpr e exp(~A /A TH(B A F))Hol(4,C), R* %

(8.2)
where d?c, denotes the surface 2-form of the surface bounded by the in-
finitesimal loop ¢, R® denotes as usual an orthonormal basis of Lie(SU (n)),
and the trace is meant to be taken in the fundamental representation. The
second equality has been obtained by functional integration by parts; in this
way we produced the functional derivative with respect to the B-field. The
integration-by-parts rules of the BF theory in 4 dimensions completely
parallel the integration-by-parts rules of the Chern—Simons theory in 3

VP57,

dimensions [27]. When we apply the functional derivative ———— to a
5B3, (@)
surface operator O(X';2’,2'") for a surface ¥/ whose boundary includes
C'? we obtain
1)

———0(; 7, ") = R*%6W (z — 2 )d?o""TOE s 2! 2, (8.3)

where d%0’ is the surface 2-form of ¥'.

From eqn (8.2) we conclude that only the variations ¢, for which d?o’ A
d?c; # 0 matter in the functional integral. But these variations are exactly
the ones for which the small loop ¢, is such that the surface element d?c,
is transverse to the knot C' (as in [27]).

Now we come back to the link L;, with the three crossings as in Fig.
1. In order to consider the more general situation we assume that the
three strings in Fig. 1 belong to different components Kll, Kl?, Kl3 of Ly,
that will evolve into three different components K}, ,, K7 |, K} | of Ly, .
By performing three such small variations at each one of the crossings of
the three strings considered in Fig. 1, we can switch each under-crossing
into an over-crossing. Now as in [27] we compare the expectation value of
the original configuration with the configuration with the three crossings
switched. Such comparison, with the aid of eqns (8.2) and (8.3) and the
Fierz identity [27], leads to the conclusion®” that when we consider the
action of the surface operators O(X]”; x],/,,), 7 = 1,2,3, on the quantum
holonomies of the knots K lJ , its infinitesimal variation §O can be expressed

as follows:
(O -+ - Wy---]0) =R| - W;---|0). (8.4)

Here W, is a short notation for the operator

19We are considering here only the small variations of ¥/, so we can disregard the
holonomies of the paths v in the surface operators; the only relevant contribution to be
considered is the one given by the field B = Z BeR®.

20Details will be discussed elsewhere.
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Wi = Hol(A, K}); O(S1 s af ok JHol (A, Kl ).
®H01(A7 Kl2)m 0 El2)2; xl27 xl2+l)H01(A7 Kl2+1)
®H01(A7 Klg)m 0 El3)3; xlgv $l3+1)H01(A, Klg-l-l)

+1
7 ( 112+1

s 0( w3
the dots in (8.4) involve the operators W* (X, ¢;) and WU (3, ¢;) (see (8.1)),
the vector space associated to the string j is given by a tensor product
VJ®V/, and finally R is a suitable representation of the following operator:

1+ (1N R @R+ J1a2a(1+ (1/X) Y R @R+ )1p3a

1+ (1/N)D R*®R* + - )ap 30

Now we recall that 1+ (1/A) >, R* ® R® is the infinitesimal approxima-
tion of a quantum Yang-Baxter matrix R. Hence the calculations of this
section suggest that, at the finite level, the solution of the Zamolodchikov
tetrahedron equation which may be more relevant to topological quantum
field theories is the one considered in [28, 29], namely

S123 = Ria,2aR16,30 26,30,

where R is a solution of the quantum Yang—Baxter equation.
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Abstract

Knotted surfaces embedded in 4-space can be visualized by means
of a variety of diagrammatic methods. We review recent develop-
ments in this direction. In particular, generalizations of braids are
explained. We discuss generalizations of the Yang-Baxter equation
that correspond to diagrams appearing in the study of knotted sur-
faces. Our diagrammatic methods of producing new solutions to
these generalizations are reviewed. We observe 2-categorical aspects
of these diagrammatic methods. Finally, we present new observa-
tions on algebraic/algebraic-topological aspects of these approaches.
In particular, they are related to identities among relations that ap-
pear in combinatorial group theory, and cycles in Cayley complexes.
We propose generalizations of these concepts from braid groups to
groups that have certain types of Wirtinger presentations.

1 Introduction

It has been hoped that ideas from physics can be used to generalize quan-
tum invariants to higher-dimensional knots and manifolds. Such possibili-
ties were discussed in this conference.

In dimension 3 Jones-type invariants were defined algebraically via braid
group representations or diagrammatically via Kauffman brackets. The
first step, then, in the 1-dimensionally higher case is to get algebraic or
diagrammatic ways to describe knotted surfaces embedded in 4-space.

In this paper, we first review recent developments in this direction.
Reidemeister-type moves were generalized by Roseman [38] and their movie
versions were classified by the authors [4, 7]. On the other hand, various
braid forms for surfaces were considered by several other authors. In partic-
ular, Kamada [26] proved generalized Alexander’s and Markov’s theorems
for surface braids defined by Viro. We combined the movie and the surface
braid approaches to obtain moves for the braid movie form of knotted sur-
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faces. The braid movie description is rich in algebraic and diagrammatic
flavor.

The exposition in Section 2 provides the basic topological tools for find-
ing new invariants along these lines if they exist.

On the other hand, knot theoretical, diagrammatic techniques have
been used to solve algebraic problems related to statistical physics. In par-
ticular, we gave solutions to various types of generalizations of the quan-
tum Yang-Baxter equation (QYBE). Such generalizations originated in
the work of Zamolodchikov [43]. In Section 3 we review our diagrammatic
methods in solving these equations.

Such generalizations appeared in the context of 2-categories [27] and
higher algebraic structures [33]. In Section 4 we follow Fischer [14] to show
that braid movies form a braided monoidal 2-category in a natural way.

New observations in this paper are in Section 5, where we discuss close
relations between braid movie moves and various concepts in algebra and
algebraic topology. Some of the moves correspond to 2-cycles in Cayley
complexes. Others are related to Peiffer equivalences that are studied in
combinatorial group theory and homotopy theory. The charts defined in
Section 2 can be regarded as ‘pictures’ (that are defined for any group
presentations) of null homotopy disks in classifying spaces. We propose
generalized chart moves for groups that have Wirtinger presentations.

2 Movies, surface braids, charts, and isotopies
2.1 Movie moves

The motion picture method for studying knotted surfaces is one of the most
well known. It originated with Fox [15] and has been developed and used
extensively (for example [15, 23, 29, 30, 36]). In [4, 7] we gave a set of
Reidemeister moves for movies of knotted surfaces such that two movies
described isotopic knottings if and only if one could be obtained from the
other by means of certain local changes in the movies. In order to depict
the movie moves, we first projected a knot onto a 3-dimensional subspace
of 4-space.

Here a map from a surface to 3-space is called generic if every point
has a neighborhood in which the surface is either (1) embedded, (2) two
planes intersecting along a double-point curve, (3) three planes intersecting
at an isolated triple point, or (4) the cone on the figure eight (also called
Whitney’s umbrella). Such a map is called generic because the collection
of maps of this form is an open dense subset of the space of all the smooth
maps; see [18]. Local pictures of these are depicted in Fig. 1.

Then we fix a height function on the 3-space. By cutting 3-space by
level planes, we get immersed circles (with finitely many exceptions where
critical points occur). We also can include crossing information by break-
ing circles at underpasses. By a movie we mean a sequence of such curves
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on the planes. Each element in a sequence is called a still. Again without
loss of generality we can assume that successive stills differ by at most a
classical Reidemeister move or a critical point of the surface. The Reide-
meister moves are interpreted as critical points of the double points of the
projected surface, and so the movies contain critical information for the
surface and for the projection of the surface. Finally, the moves to these
movies were classified following Roseman [38] by means of an analysis of
fold-type singularities and intersection sets.

The movie moves are depicted in Figs 3 and 4. In these figures each still
represents a local picture in a larger knot diagram. The different stills differ
by either a Reidemeister move or critical point (birth/death or saddle) on
the surface. These are called the elementary string interactions (ESIs).
Figure 2 depicts ESIs. The moves indicate when two different sequences
of ESIs depict the same knotting. Any two movie descriptions of the same
knot are related by a sequence of these moves. One rather large class of
moves is not explicitly given in this list: namely, distant ESIs commute;
that is, when two string interactions occur on widely separated segments,
the order of the interactions can be switched.

2.2 Surface braids

In April 1992, Oleg Viro described to us the braided form of a knotted
surface. Similar notions had been considered by Lee Rudolph [39] and X.
S. Lin [35]. Kamada [22-26] has studied Viro’s version of surface braids;
we follow Kamada’s descriptions.

2.2.1 Definitions

Let B2 and D? denote 2-disks. A surface braid is a compact oriented surface
F properly embedded in B2 x D? such that

(1) the projection p: B> x D? — D? to the second factor restricted to F,
p|r: F — D? is a branched covering;
(2) The boundary of F is the standard unlink: 9F = (n points) x 9D? C
B? x 9D? C 9(B? x D?) where n points are fixed in the interior of
B2
Here the positive integer 7 is called the (surface) braid index. A surface
braid is called simple if every branch point has branch index 2. A surface
braid is simple if the covering in condition (1) above is simple. Throughout
the paper we consider simple surface braids only.
Two surface braids are equivalent if they are isotopic under level-

preserving isotopy relative to the boundary, where we regard the projection
p: B? x D? — D? as a disk bundle over a disk.

2.2.2  Closed surface braids

Let F C B? x D? be a surface braid with braid index n. Embed B2 x D?
in 4-space standardly. Then OF is the unlink in the 3-sphere 9(B? x D?)
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so that we can cap off these circles with the standard embedded 2-disks in
4-space to obtain a closed, orientable embedded surface in 4-space. The
closed surface, F (called the closure of F'), is defined up to ambient isotopy.
A surface obtained this way is called a closed surface braid.

Viro and Kamada [23] have proven an Alexander theorem for surfaces.
Thus, any orientable surface embedded in R* is isotopic to a closed surface
braid. Furthermore, Kamada [26] has recently proven a Markov theorem
for closed surface braids in the PL category. However, in his proof he does
not assume that the branch points are simple. An open problem, then, is
to find a proof of the Markov theorem for closed surface braids in which
each branch point is simple. Such a theorem would show a clear analogy
between classical and higher-dimensional knot theory.

2.2.3  Braid movies

Write B2 and D? as products of closed unit intervals: B? = B} x B3,
D? = D} x D}. Factor the projection p: B2 x D? — D? into two projections
p1: Bf x Bi x D? — Bl x D? and ps: B x D?* — D?.

Let F be a surface braid. We may assume without loss of generality
that p; restricted to F is generic. We further regard the DI factor in
Bl x D? = Bl x D} x D} as the time direction. In other words, we
consider families {P, = B3 x Di x {t} : t € Di}. Except for a finite
number of values of ¢t € D} the intersection p1(F) N P; is a collection of
properly immersed curves on the disk P;.

Exceptions occur when P; passes through branch points, or local max-
ima/minima of the double-point set, or triple points. We may assume that
for any t € D3 there exists a positive € such that at most only one of such
points is contained in Uge(;—c¢1¢)FPs- If one of such points is contained,
the difference between p(F) N Ps, s = t L ¢, is one of the following: (1)
smoothing/unsmoothing of a crossing (corresponding to a branch point),
(2) type II Reidemeister move (corresponding to the maximum/minimum
of the double-point set), or (3) type III Reidemeister move (corresponding
to a triple point).

Except for such ¢,p;(F) N P, is the projection of a classical braid. Fur-
thermore, we can include crossing information by breaking the under-arc as
in the classical case. Here the under-arc lies below the over-arc with respect
to the projection p;. To make this convention more precise we identify the
image of p; with an appropriate subset in B? x D2. This idea was used by
Kamada when he constructed a surface with a given chart. See [22] and
also the next section.

By this convention we can describe surface braids by a sequence of
classical braid words. Including another braid group relation (o;0; = 0j0,
li — j| > 1) we define a braid movie as follows.

A braid movie is a sequence (b1, ...,bx) of words in al-il, i=1,...,n,
such that for any m, b,41 is obtained from b, by one of the following
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changes:

(1) insertion/deletion of of,

2) insertion/deletion of a pair ofo; ¢,

171
(3) replacement of o7 05* by 05?07 where |i — j| > 1,
(4

) replacement of ofofof

by o5ofof where [i — j| = 1.

These changes are called elementary braid changes (or EBCs, for short).
This situation is illustrated in Fig. 5.

Two braid movies are equivalent if they represent equivalent surface

braids.

2.3 Chart descriptions

A chart is an oriented labelled graph embedded in a disk, the edges are
labelled with generators of the braid group, and the vertices are of one of
three types:

(1) A black vertex has valence 1.

(2) A 4-valent vertex can also be thought of as a crossing point of the
edges of the graph. The labels on the edges at such a crossing must
be braid generators o; and o; where |i — j| > 1.

(3) A white vertex on the chart has valence 6. The edges around the vertex
in cyclic order have labels 04, 0,,0;,0;,0;,0; where |i — j| = 1. Here,
the orientations are such that the first three edges in this labelling
are incoming and the last three edges are outgoing.

Consider the double point set of F' under the projection p|r: B? x D? D
F — B3 x D? which is a subset of B x D2 Then a chart depicts the
image of this double point set under the projection ps: B3 x D? — D? in
the following sense:

(1) The birth/death of a braid generator occurs at a saddle point of the
surface at which a double-point arc ends at a branch point. This
projects to a black vertex on a chart.

(2) The projection of the braid exchange o;0; = gj0; for [i —j| > 1is a
4-valent vertex or a crossing in the graph.

(3) The 6-valent vertex corresponds to a Reidemeister type III move, and
this in turn is a triple point of the projected surface.

(4) Maximal and minimal points on the graph correspond to the birth or
death of 0,0, ! and this is an optimum on the double-point set.

The relationships among surface projections, braid movies, and charts
is depicted in Fig. 5.
2.3.1 Reconstructing the surface braid from a chart

A chart gives a complete description of a surface braid in the following way.
Recall that the D} factor of D? is interpreted as a time direction. Thus
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Fic. 5. Braid movies, charts, and diagrams



Knotted Surfaces, Braid Movies, and Beyond 201

1
-
Jz iC—I—R3 J
i i Joio i J
k y—— 4 .

C-I-R4

NI/ ;

Empty

diagram :' . ‘: \N
CIMi /TN e 7°

i N
L= ;

! C-III-2

F1c. 6. Chart moves



202 J. Scott Carter and Masahico Saito

the vertical axis of the disk points in the direction of increasing time. Each
generic intersection of a horizontal line with the graph (generic intersections
will miss the vertices and the critical points on the graph) gives a sequence
of braid words. The letters in the word are the labels associated to the
edges; the exponent on such a generator is positive if the edge is oriented
coherently with the time direction, otherwise the exponent is negative. By
taking a single slice on either side of a vertex or a critical point on the
graph, we can reconstruct a braid movie from the sequence of braid words
that results. Therefore, given a chart and a braid index, we can construct
a surface braid and, indeed, a knotted surface by closing the surface braid.

Theorem 2.1 (Kamada) Every surface braid gives rise to an oriented
labelled chart, and every oriented labelled chart completely describes a sur-
face braid.

Furthermore, Kamada provided [25] a set of moves on charts. His list
consists of three moves called CI, II, and III. From the braid movie point of
view, we need to refine his list incorporating movie moves. Such generalized
chart moves, yielding braid movie moves that will be discussed in the next
section, are listed in Fig. 6.

2.4 Braid movie moves

The following 14 types of changes among braid movies are called braid
movie moves:

(C-I-R1)

-1 -1 1
(Ui,UiO'jUj , 000 )H(oi,ojaj 0i,00,0; ),

where |i — j] > 1.
(C-I-R1)

(Ui,UiUfle‘,Uz‘) = (i)

(C-I-R2)

(0i0j,0404,00;5) < (0:05),

where |i — j| > 1.
(C-I-R3)

(0i010;, 0,005, 0,0j0;,0;010;) < (0;0,0;,0:0i0%, 000k, 0;050;),

where |i —j| > 1,17 — k| > 1,|k — 4] > 1.
(C-I-R4)

(0K0:0;0;,0,0,0;0;,0,00,0;, 0000k, 0;0;0;0%)
— (0,0,0;0;,05,0;0;05,0;0,0;0;,0;0;0k0;,0;0,0;0%),

where |i —j|=1and |i — k| > 1,|j — k| > 1.
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(C-I-M1)
(empty word) « (empty word, o;0; ', empty word).
(C-1-M2)
(o;0; 1, empty word, o0, 1) < (007 ).
(C-I-M3)
(UinUi,UjUinaainUz‘) e (UinUi)a
where |i — j| = 1.
(C-I-M4)
(UinUkUiO'jUi, 0;040,0k0j04,0;0;0;0k0;0;,0;0;00;0k0j,
0j0k0;040k0;,0j0L0;0j0;0k,0;0k0;0;0;0, O'kO'jO'kO'iO'jO'k)
ad (O'iO'jO'kO'iO'jO'i, 000k040;04,0i{0k00k0;05,0k0;0;0L0;05,
0k04040i0k04,0k00;0j0L0;,0k0;0;0k0;0k, O'kO'jO'kO'iO'jO'k),
where k=j+4+1=i+20ork=j—-1=4¢—2.
(C-I-M5)

-1 -1 -1 -1
(cjoi,0; 0,050, 0, UjO'in)H(UjUZ',UjO'in 0j,0; 0;0;0;),

where |i — j| = 1.

(C-ID)

(0j,0j0i,0i05) < (0j,0:05),

where i — j| > 1.

(C-II1-1)

(0i0j,0i040i,0j0,05) < (0,04,0;0,0;),

where |i — j| = 1.

(C-I11-2)

(ajaj*l,ajaiajfl,aiflajai) — (Jjaj*l,ernpty Word,aflai,aflajai),
where |i — j| = 1.
(C-IV)
(empty word, o; '0;,0;) + (empty word, o;).

Furthermore, we include the variants obtained from the above by the fol-
lowing rules:

(1) replace o; with o, ! for all or some of i appearing in the sequences if
possible,

(2) if (b1,...,bx) < (b],...,b}) is one of the above, add (by,...,b1) <
(s .., bh),
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(3) if (b1,...,bx) < (b],...,b},) is one of the above, add (c1,...,cr) <
c,...,c,) where c; (resp. c;) is the word obtained by reversing the
1 k J ]
order of the word b; (resp. b;)

(4) combinations of the above.
The braid movie moves are depicted in Figs 7 and 8. There is an overlap

between the braid movie moves and the ordinary movie moves; that overlap
is to be expected.

2.5 Definition (locality equivalence)

Let (b1,...,b,) and (b},...,b!) be two braid movies that satisfy the fol-
lowing condition. There exists ¢, 1 < ¢ < n, such that
(1) bj =b) for all j #i—1,i,i+1,
(2) bj (resp. b)), j = i — 1,4,i+ 1, are written as b; = wu;v; (resp.
b; = ujv;) where u and v satisfy
(2a) u; (resp. v,

/) is obtained from u;_q (resp. v._;) by one of

the elementary braid changes, say 7, and v; = v;—1 (resp.
uj = uj_q),

(2b) i1 (resp. wj,,) is obtained from w; (resp. wj) by one of
the elementary braid changes, say &, and u; = u;+1 (resp.
Vi = Vig):

Then we say that (b],...,b)) is obtained from (by,...,b,) by a locality
change (or vice versa). If two braid movies are related by a sequence of lo-
cality changes then they are called equivalent under locality. Loosely speak-
ing, equivalence under locality changes means that distant EBCs commute.

Theorem 2.2 [12] Two braid movies are equivalent if and only if they
are related by a sequence of braid movie moves and locality changes.

It is interesting to note that in the braid movie point of view, the move
that corresponds to a quadruple point gives a movie move corresponding to
the permutohedral equation rather than to the tetrahedral equation. We
will discuss these equations at some length in Section 3.

3 The permutohedral and tetrahedral equations

In [43], Zamolodchikov presented a system of equations and a solution
to this system that corresponded to the interaction of straight strings in
statistical mechanics. This system of equations is related to the Yang-
Baxter equations, and this relationship suggests topological applications.
Baxter [1] showed that the Zamolodchikov solution worked. And in
[2] higher-dimensional analogues were defined. In [37], these systems are
interpreted as consistency conditions for the obstructions to the lower di-
mensional equations having solutions. Frenkel and Moore [16] produced
a formulation and a solution of a variant of the Zamolodchikov tetrahe-
dral equation. And Kapranov and Voevodsky [27] consider the solution of






Saito

d Masahico

Carter an

J. Scott




Knotted Surfaces, Braid Movies, and Beyond 207

the Zamolodchikov equation to be a key feature in the construction of a
braided monoidal 2-category. In a parallel development, Ruth Lawrence
[33] described the permutohedral equation and two others as natural equa-
tions for which solutions in a 3-algebra could be found.

There are other solutions of these higher-order equations known to us.
In particular, we mention [13], [19], [28], and [31]. In [32], solutions are
studied in relation to quasicrystals. We expect there are even more solu-
tions in the literature and would appreciate being told of these.

Here we review these equations and our methods for solving them.

3.1 The tetrahedral equation

The Frenkel-Moore version of the tetrahedral equation is formulated as
5123512451345234 = 523451345124 5123 (3.1)

where S € End(V®3), V a module over a fixed ring k. Each side of the
equation acts on V®* =V} @ Vo, ® V3 ® V4, and Sia3, for example, acts on
Vy as the identity. Notice here that eqn (3.1) has the nice property that
each index appears three times on either side of the equation.

Compare this equation with the movie move that involves five frames
on either side. On the left-hand movie, the elementary string interactions
that occur are Reidemeister type III moves. Label the strings 1 to 4 from
left to right in the first frame of the movie. (This index is one more than the
number of strings that cross over the given string.) Then the Reidemeister
type III moves occur in order among the strings (123), (124), (134), (234).
Thus we think of the tensor S as corresponding to a type III Reidemeister
move. The equation corresponds to the given movie move as these type
IIT moves occur in opposite order on the right-hand side of the move. This
correspondence was also pointed out by Towber.

3.1.1 A wvariant

There is a natural variant of this equation:

512451355236 5456 = S456523651355124 (3.2)

where each side of the equation now acts on V®%. In this equation each
index appears twice in each side. This tetrahedral equation was also for-
mulated in [27, 33, 37].

We review how to obtain eqn (3.2) from eqn (3.1) (cf. [27]). Define a
set of pairs of integers among 1 to 4:

C(4,2) = {12,13,14, 23,24, 34}

with the lexicographical ordering as indicated. There are six elements and
the ordering defines a map &:C(4,2) — {1,...,6}. The first factor of the
left-hand side of the equation (3.1) is Sy23. Consider the pairs of integers
among this subscript: {12,13,23} in the lexicographical ordering. Under
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¢ these are mapped to {1,2,4} which is the subscript of the first factor
in eqn (3.2). The other factors are obtained similarly. For example, the
second factor of (3.1) has the subscript 124 which yields pairs {12, 14,24}
which are mapped under £ to {1,3,5} giving the second factor of (3.2).
This is how we obtain (3.2) from (3.1).

Next we observe that eqn (3.2) is solvable: appropriate products of QYB
solutions give solutions to (3.2). Let V = W ® W where W is a module
over which there is a QYB solution R: Rj3R13Re3 = RosRi3R12. For given
V give a and b as subscripts of W: V; = W;, ® Wy, for i = 1,...,6. For
S = Sig3 acting on V1 @ Vo @ V3 = Wi, @ Wip @ Wa, @ Wop @ W3, @ Wi,
set

S123 = Ria2a R1v30 R2b30-

One can compute

512451355236 5456
= Ria2aR1paa Rovav R1a3a R1b5a R3b50 R2030 R2b6a R3660 R aasa Ravea Lsb6b
= Ria2a 14302030 R1vsa R1v5a Raasa L2bab R2v6a Ravea L3b50 R3pen Lsb6b
= R2a3aR143a R1a2a Raasa R1b5a R1baa Ravea Ravea R2bab Rsveb R3ves Rapss
= RiasaRaveaRsves R2a3a R2v6a R3b6b R1a3a R1b5a 3656 R1a20 R1baa Ropas
= 5456523651355124.

Thus (3.2) is solvable.

This computation is a bit tedious algebraically. We obtained this result
by considering the preimage of four planes of dimension 2 generically inter-
secting in 3-space. The movie version of such planes is depicted in Fig. 9.
The numbering in the figure matches those described above. Specifically,
the intersection points among planes 1 and 2 receive the number 1 since
(12) is the first in the lexicographical ordering. Each plane is one of the
strings as it evolves on one side of the movie of the corresponding movie
move. The crossing points of the remaining planes give one side of the
Reidemeister type III move on the preimage, and on the other side of the
movie move the other side of the Reidemeister type III move appears. Thus
the solution is a piece of bookkeeping based on this picture.

3.1.2 Remarks

In [8] we showed that solutions to the Frenkel-Moore equations could
also produce solutions to higher-dimensional equations. All of the higher-
dimensional solutions are obtained because the equations correspond to the
intersection of hyperplanes in hyperspaces, and the self-intersection sets of
these contain intersections of lower-dimensional strata.
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3.2 The permutohedral equation
This equation was studied in [27] and [33]:

S1235145 Ro5 R1652465356 R34 = R3453565246 R25 R1651455123-

The subscripts indicate factors of vector spaces on which the tensor acts
non-trivially, and it acts as the identity on the other factors. The tensors
S and R live in End(V®3) and End(V®?), respectively, and both sides of
the equation live in End(V®9).

A pictorial representation is given in Fig. 10. This figure shows two
sides of a permutohedron (truncated octohedron). The figure is the dual to
the (C-I-M4) move on charts. Each hexagon is dual to a valence 6 vertex,
and each parallelogram is dual to a crossing point on the graph. Thus this
equation is a natural one to consider from the point of view of knotted
surfaces, as it expresses one of the braid movie moves.

The equation expresses the equality among tensors that are associated
to the faces on the ‘2 sides’ of the permutohedron. Each hexagon represents
the tensor S and each parallelogram represents R. Parallel edges receive
the same number, and the numbers assigned to the boundary edges of
hexagons and parallelograms determine the subscripts of the tensor.

Finally, observe that by setting R equal to the identity, the equation
reduces to the variant of the tetrahedral equation given above.
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Fic. 11. Assigning tensors to the hexagons

3.2.1 Solutions
Suppose A, B, M, and R € End(V ® V) satisfy the following conditions:

AAA = AAA, BBB = BBB (3.3)
MMA = AMM, BMM = MMB (3.4)
MMA = AMM, BMM = MMB (3.5)

AMB = BMA (3.6)

AMR = RMA, RMB = BMR (3.7)
ARM = MRA, MRB = BRM (3.8)
MAR = RAM (3.9)

ARB = BRA, BRA = ARB (3.10)
BAR = RAB, RAB = BAR (3.11)
MRM = MRM (3.12)

where the LHS (resp. RHS) of every relation has subscripts 12, 13, and 23
(resp. 23, 13, and 12) and lives in End(V®3). The subscripts indicate the
factor in the tensor product on which these operators are acting. For exam-
ple, AMM = MM A stands for A1oMi3Mo3 = MogMi3A15 € End(V®3).
We do not require the equalities with the subscripts of the RHS and LHS
switched. In case those equalities are used, they are listed explicitly as in
eqns (3.11) and (3.12).
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Proposition 3.1  If the conditions stated in eqns (3.3)-(53.12) hold, then
S123 = A12Mi13B23
is a solution to the permutohedral equation.

The proof is presented in detail in [11]. Here we include the illustrations
that led to the proof. In this way we reinforce the diagrammatic nature of
the subject.

In Fig. 11, we assign the product ABM to each of the S tensors. Then
in Fig. 12, we indicate that if A, B, M, and R satisfy Yang—Baxter-like
relations, then we can get from one side of the permutohedron to the other.
To read this figure start at the upper left, travel left to right, then go
directly down to the second row and read right to left. The zig-zag pattern
continues.

Now in the solution given in (3.1) set A = M = R. Then the list of the
conditions reduces to

RRR = RRR, BBB = BBB (3.13)
BRR = RRB, RRB = BRR (3.14)

with the same subscript convention as in eqns (3.3)-(3.12).

To get R-matrices that satisfy these conditions, we embedded quantum
groups into bigger quantum groups. This idea was inspired by Kapranov
and Voevodsky’s idea of using projections of quantum groups to obtain
solutions to Zamolodchikov’s equation [27].

There exists a canonical embedding

iz Uy, (51(2)) — Uy(sl(n))

corresponding to the ith vertex of the Dynkin diagram, where ¢; =
q(oi,;)/2, (—,—) is the canonical inner product, {o;}i_; is a basis of
simple roots of the root system, and r is the rank (p. 173, [41]). Let
R’ (resp. B) be the universal R-matrix in Uy, (sl(2)) ® Uy, (sl(2)) (resp.
Uq(sl(n)) @ Uy(sl(n))). Let R = ¢;(R') where i is fixed.

If we take a representation f:U,(sl(n)) — End(V) for a vector space V
over the complex numbers, both f(R) and f(B) satisfy the quantum Yang—
Baxter equation (RRR = RRR, BBB = BBB) since f(R) = f o ¢;(R’) is
a representation of U, (sl(2)) and R’ is a universal R-matrix. Furthermore,
in [11] we showed that the remaining relations held between R and B. In
this way, we were able to construct solutions.

3.3 Planar versions

Simplex equations can be represented by planar diagrams when the sub-
scripts consist of adjacent sequences of numbers. We can use planar dia-
grams to solve such equations.
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3.3.1 Planar tetrahedral equations

One such equation is

S123S234S1238234 = S234S123S2348123-

We regarded the corresponding planar diagram as the diagrams in the
Temperley—Lieb algebra. Elements in the Temperley—Lieb algebra are rep-
resented by diagrams involving N and U. Playing with such diagrams, we
found a continuous family of solutions to the above equation expressed
as a linear combination (with variables) in generators of the Temperley—
Lieb algebra. Such generalizations of the Kauffman bracket seem useful in
general.

3.3.2  The planar permutohedral equation

It was observed by Lawrence [33] that the permutohedral equation becomes
the following equation:

7345123534575672353455123

= 54565234T4571252345456734 (3-15)

after multiplying by permutation maps s = P35, r = PR.

We found some new and interesting solutions to this version by using the
Burau representation of the braid group, and these were presented in [11].
Some of the solutions were non-invertible, and another class of solutions
reflected the non-injectivity of the Burau representation.

4 2-categories and the movie moves

At the Isle of Thorns Conference in 1987, Turaev described the category
of tangles and laid the foundations for his paper [42]. The objects in the
category are in one-to-one correspondence with the non-negative integers.
And the morphisms are isotopy classes of tangles joining n dots along a
horizontal to m dots along a parallel horizontal. Such a tangle, then,
is a morphism from n to m. A week later in France similar ideas were
being discussed by Joyal [21]. All of the known generalizations of the
Jones polynomial can be understood as representations on this category.
Consequently, there is hope that the yet to be found higher-dimensional
generalizations can be found as representations of the 2-category of tangles
that we will describe here.

4.1 Overview of 2-categories

In a category, there are objects. For any two objects in a category there
is a set of morphisms. A 2-category has objects, morphisms, and mor-
phisms between morphisms (called 2-morphisms). The 2-morphisms can
be composed in essentially two different ways: either they can be glued
along common 1-morphisms, or they can be glued along common objects.
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Obviously, they can be glued only if they have either a morphism or an
object in common.

Just as the fundamental problem in an ordinary category is to determine
if two morphisms are the same, the fundamental problem in a 2-category is
to determine if two 2-morphisms are the same. The geometric depiction of a
2-category consists of dots for objects, arrows between dots for morphisms,
and polygons (where ‘poly’ means two or more) for 2-morphisms. Thus,
by composing 2-morphisms we obtain faces of polyhedra, and an equality
among 2-morphisms is a solid bounded by these faces.

4.2 The 2-category of braid movies

This section is an interpretation of Fischer’s work in the braid movie
scheme. Here we give a description of the 2-category associated to n-string
2-braids. There is one object, the integer n, and this is identified with n
points arranged along a line. The set of morphisms is the set of n-string
braid diagrams (without an equivalence relation of isotopy imposed). Two
diagrams related by a level-preserving isotopy of a disk which keeps the
crossings are identified, but for example two straight lines and a braid dia-
gram represented by o;0; L are distinguished. Equivalently, a morphism is
a word in the letters U;‘Ll, ot A generating set of 2-morphisms is the
collection of EBCs.

More generally, consider the 2-category in which the collection of objects
consists of the natural numbers {0,1,2,...}; each number n is identified
with n dots arranged along a horizontal line. The set of morphisms from
n to m when m # n is empty, and the set of morphisms from n to n is
the set of n-string braid diagrams (or equivalently words on the alphabet
{afl, ..., 051}, A tensor product is defined by addition of integers, and 0
acts as an identity for this product. A 2-morphism is a surface braid that
runs between two n-string braid diagrams. Equivalently, a 2-morphism can
be represented by a movie in which stills differ by at most an EBC.

We define a braiding which is a 1-morphism from n + m to m + n,
by braiding n strings in front of m strings; that is, the braid diagram
represented by the braid word

n—1-

(O'no'n+1 e O'nerfl) . .(o'nilo'n e O'nerfQ) ..... (0’10'2 e o'm)

Assertion 1 With the tensor product, identity, and braiding defined
above, we can define all the data (various 2-morphisms) in terms of braid
movies such that the 2-category of braid movies defines a braided monoidal
2-category.

Sketch of Proof In Figs 13 and 14 a set of movie moves to ribbon
diagrams are depicted. These are illustrations of the Kapranov—Voevodsky
axioms as interpreted in our setting.

In the middle of figures polytopes are depicted. These are two exam-
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AA,B,B,

47/7 A,A,B\B,
B,BAA, 42// /7 A,B,B,A
/ 1925142
AAqB\B, & & BBA A,
B\AA,B,
C( e AA,B\B,
B B,A A
1BA A, //L, AB,A,B,
—
2 : A;B,B A,
B,BA A,

AAB,\B, P 0
A,B,A,B,
B|AA,B, 0 i/AIAzBIBZ
BBAA, / / A\BiA,B,
U / / A1B,B\A,
[7 BiABA,
B\BAA,

F1G. 13. A ribbon movie move



Knotted Surfaces, Braid Movies, and Beyond 217

ABC

AB'C

CAB’
ABC J ABC
AB'C CB'A £
BAC CAB

ABC AB'C
CAB’

CB'A ? Vs CB'A
ABC ABC
BAC

CBA CB’A
B'AC CAB
(/ ABC 2 ECDIJ CBA
CB'A ,
BAC CB'A
CBA
CBA I

F1G. 14. Another ribbon movie move
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ples of axioms in [27] that are to be satisfied by 2-morphisms. Letters
represent objects where tensor product notation is abbreviated. Edges in
these polytopes are 1-morphisms. They are in turn represented by braid
words. The ribbon diagrams surrounding the polytopes represent braid
movies. Ribbons represent parallel arcs as in the classical case. Then each
1-morphism, a braid word, is represented by ribbon diagrams to simplify
movie diagrams. Therefore each ribbon diagram represents a composition
of edges in the polytopes. A 2-morphism is a face in the polytopes, and
changes between two ribbon diagrams. The polytopes are relations satis-
fied by compositions of 2-morphisms. In ribbon diagrams, this means that
two ways of deforming ribbon diagrams have to be equal. There are two
ways to deform (by braid movie moves) one (the top ribbon diagram) to
the other (the bottom): by going along the left hand side of the polytope,
or the right hand side. The conditions say that these two ways are equal.

Each frame in a movie can be written as a product of braid generators
while each 2-morphism can be decomposed as a sequence of EBCs. These
EBCs can be written in terms of charts. Then two ribbon movies are
equivalent if and only if the resulting charts are chart equivalent. Thus we
can check the equality by means of chart moves.

Alternatively, we can decompose the polytopes into simpler pieces that
correspond to the polytopes of the braid movie moves. O

4.2.1 Remark

The existence of a braided monoidal 2-category is not enough to conclude
that one has an invariant of 2-knots. In addition, to the braiding R: AQ B —
B® A, we need a braiding R: B® A — A® B that also gives a 2-morphism
from R o R to the identity 1-morphism on A ® B. If R is thought of
as crossing the strings of A over those of B, then R crosses B’s strings
over A’s. Since moves C-I-M1 and C-I-M2 hold, these 2-morphisms are
2-isomorphisms.

4.2.2  Fischer’s result

Fischer’s dissertation gives an axiomatization of the 2-category that is as-
sociated to regular isotopy classes of knotted surface diagrams. That is,
he defines this 2-category, and he shows that it is the free, rigid, braided,
semistrict monoidal 2-category (FRBSM2-cat) generated by a set. Fischer’s
theorem means that if one has an RBSM2-cat then one automatically has
constructed an invariant of regular isotopy classes of knotted surface dia-
grams.

5 Algebraic interpretations of braid movie moves

Our motivation in defining braid movies and their moves was to get a
more algebraic description of knotted surfaces. In particular, it is hoped
that this description can be defined and studied in a more general setting:
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for example, for any group. Also, it is desirable if there is an algebraic-
topological description of braid movies generalizing the fact that a classical
braid represents an element of the fundamental group of the configuration
space. In this section, we work towards this goal; we observe close relations
between braid movie moves and various concepts in algebra and algebraic
topology.

5.1 Identities among relations and Peiffer elements

In this section we recall definitions of various concepts for group presenta-
tions following [3], where details appear.

5.1.1 Identities among relations

Let G be a group. A presentation of G is a triple (X; R, w) such that R
is a set, w: R — F is a map, where F is the free group on X, and G is
isomorphic to F/N(w(R)), where N( ) is the normal closure.

Let H be the free group on Y = R x F; let §: H — F denote the
homomorphism (r,u) = v~ w(r)u. Then O(H) = N(w(R)). An identity
among relations is any element in the kernel of 6.

5.1.2  Peiffer transformations

A Y-sequence is a sequence of elements y = (ay,...,a,) where a; =
(i, u;)T1 is a generator (or its inverse) of H for i = 1,2,...,n. The follow-
ing operations are called Peiffer transformations:

(1) A Peiffer exchange replaces the successive terms (r;, u;), (741, Uit1)
with either
(rig1s wit1), (7o, ittipr w(rig)uivr)

or
(Ti-i-laui-i-lu;lw(ri)_lui)a (74, u5).

(2) A Peiffer deletion deletes an adjacent pair (a,a™1) in a Y-sequence.
(3) A Peiffer insertion inserts an adjacent pair (a,a~!) into a Y -sequence.

(4) A Peiffer equivalence is a finite sequence of exchanges, deletions, and
insertions to a Y-sequence performed in some order.

5.1.3  Pictures for presentations
Let (X, R, w) denote a group presentation. A picture over the presentation
consists of
(1) A disk D with boundary 9D.
(2) A collection Ay, ..., Ay of disjoint disks in the interior of D that are
labelled by elements of R.
(3) A collection of disjoint oriented arcs labelled by elements of X that
either form simple closed loops or join points on the boundaries of
two (or possibly one) of the A.
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Fi1G. 15. Pictures for group presentations

(4) A base point for each of the A and one for the big disk D. The base
point on a A is distinct from the endpoints of the connecting arcs.

(5) Finally, starting from the base point and reading around the boundary
of any A in a counterclockwise fashion, the labels on the edges that
are encountered should spell out either the relation R or its inverse
that is associated to the small disk. An incoming edge is interpreted
as having a positive exponent, and an outgoing edge has a negative
exponent.

In [3] a spherical picture is defined as a picture in which none of the
edges touch the outer boundary. Figure 15 illustrates a spherical picture.
The dotted arcs indicate how to obtain a Y-sequence from a picture. The
Y-sequence obtained from a spherical picture is an identity sequence in the
sense that the product 6(aq) - --- - 6(a,) = 1 in the free group.

A picture determines a map of a disk into BG, the classifying space
of the group with given presentation, that is defined up to homotopy, and
by transversality if such a map is given then there is a picture: the little
A disks are the inverse images of regular neighborhoods of points at the
center of the disks that correspond to relators. The arcs are the inverse
images of interior points on the edges of the complex.

From a picture a Y-sequence can be obtained. Namely, for each A
disk a ‘dotted’ arc is chosen that connects the base point of the small disk
to that of the larger disk. These arcs do not intersect in their interiors.
Furthermore, the dotted arcs are chosen to be transverse to the arcs that
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interconnect the disks. To each dotted arc we associate a pair (r+, ), where
r € Rand u € F. The element w is the word in the free group corresponding
to the intersection sequence of the dotted arc with connecting arcs. The
exponent on a letter is determined by an orientation convention. The
element r is the intersection sequence on the boundary of A read in a
counterclockwise fashion. The collection of dotted arcs is ordered in a
counterclockwise fashion at the base point, and this gives the ordering of
the Y-sequence.

In [3], it is noted that an elementary Peiffer exchange corresponds to
rechoosing a pair of successive arcs from the base points of a pair of A to
the base point of D. Thus pictures can be used to study Y-sequences and
their Peiffer equivalences. They provide a diagrammatic tool for the study
of groups from an algebraic-topological viewpoint.

Furthermore, they [3] define deformations of pictures. There are three
types of moves to pictures. The first type is to insert or delete small circles
labelled by the generating set. This is a direct analogue of the C-I-M1
move on charts. Secondly, surgery between arcs with compatible labels
and orientations is analogous to the C-I-M2 move. Third is an insertion
or deletion of a pair of small disks (A) labelled with the same relator, but
oppositely oriented, joined together by arcs corresponding to generators
that appear in the relator. This is an isolated configuration disjoint from
other components of the graph in the picture, but corresponds to C-I-M3
and C-I-R2 (combined with C-I-M1, C-I-M2).

5.2 Moves on surface braids and identities among relations

In this subsection we observe which moves on surface braids correspond to
Peiffer transformations defined above, and what the others correspond to.

5.2.1 Mowves corresponding to Peiffer transformations

Braid movie moves C-I-M3 and C-I-R2 are used to perform Peiffer inser-
tions and deletions as noted in the previous section. Peiffer exchanges
correspond to locality equivalences because ordering the vertices is tanta-
mount to choosing a height function.

5.2.2  Moves corresponding to 2-cycles

The chart moves C-I-R3, C-I-R4, and C-I-M4 are identities among relations
that correspond to non-degenerate 2-cycles in the Cayley complex for the
standard presentation of the braid group. The correspondence is given by
taking duals. The cube, the hexagonal prism, and the permutohedron,
respectively, are the dual 2-cycles in the Cayley complex.

5.2.3 Other C-I mowves

These correspond to rechoosing the dotted arcs in the homotopy classes
relative to the endpoints.
For example, C-I-R1’ looks like straightening up a cubic curve. Thus if
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the z-axis in the figure is a part of a ‘dotted arc’, then this move corresponds
to rechoosing a dotted arc so that it intersects the edge with two less
intersection points. Other moves can be interpreted similarly.

This rechoosing in turn corresponds to changing the words u; in the
terms (r;,u;) of the Y-sequences, since dotted arcs correspond to these
words.

In summary, we interpret charts without black vertices as null homo-
topies of the second homotopy group of the classifying space. Let G be a
braid group B,, on n strings and BG its classifying space constructed from
the standard presentation. Specifically, BG is constructed as follows: start
with one vertex, add n oriented edges corresponding to generators, attach
2-cells corresponding to relators along the 1-skeleton, add 3-cells to kill the
second homotopy group of the 2-skeleton thus constructed, and continue
killing higher homotopies to build BG. Note that pictures are defined for
maps of disks to BG as in the case of maps to the Cayley complexes by
transversality.

Proposition 5.1 Let C be a chart of a surface braid S without black
vertices. Note here that S is trivial (i.e. S is an unlinked collection of n
2-spheres). Then there is a map f from a disk to BG, f:(D? 0D?) —
(BG, vertex), such that the picture corresponding to f is the same (isotopic
as a planar graph) as C. Since mo(BG) = 0, this picture is deformed to
the empty picture by a sequence of picture moves. This is the same as a
sequence of CI moves realizing an isotopy of surface braids from S to the
trivial surface braid (whose chart is the empty diagram). In other words, CI
moves of isotopy of surface braids correspond to picture moves of ma(BG)
(=0).

Furthermore, this deformation is interpreted as identities among rela-
tions. In particular, braid movie moves correspond to Peiffer transforma-
tions, or 3-cells of BG, or rechoosing the ‘dotted arcs’ in pictures.

5.3 Symmetric equivalence and moves on surface braids

In this section we consider moves on group elements that are conjugates of
generators. This generalizes Kamada’s definition of symmetric equivalence
for charts. These moves correspond to C-II and C-III moves on charts
which are the moves involving black vertices.

5.3.1 Symmetric equivalence and charts

Fix a base point on the boundary of the disk on which the chart of a
surface braid lives. Suppose there are black vertices. Consider a small
disk B centered at a black vertex v. Pick a point d on the boundary of B
which misses the edge coming out of v. Connect d to the base point by
a simple arc which intersects the chart transversely. (More precisely, the
arc misses the vertices and crossings of the chart and intersects the edges
transversely.)
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Starting from the base point, travel along the arc and read the labels
as it intersects the edges. Then go around v along B counterclockwise,
and go back to the base point. This yields a word w in braid generators of
the form of a conjugate of a generator: w =Y oY, where o; is the label
of the edge coming from v, € = £1 depends on the orientation of this edge,
and Y is the word we read along the arc.

Then before/after the C-II move, the word thus defined changes as
follows:

Yoty Yﬁlaj_‘safJ?Y,
where ¢ also denotes +1 and |i — j| > 1. Similarly a C-III move causes the
word change
Yoy « Y710;50;60§0fafY,
where |i —j| =1, e = +1, and § = £1.

Kamada defined symmetric equivalence between words that are conju-
gates of generators in the braid group. The equivalence relation reflects the
changes above. He proved that two such words are symmetrically equiv-
alent iff they represent the same element in the braid group, and then he
used this theorem to prove that C moves suffice. (Kamada’s definition of
symmetric equivalence is different from the above. We indicated the word
changes that correspond to C-II and C-III moves.)

5.3.2  Chart moves that involve black vertices

Charts that have black vertices can be interpreted as pictures in the sense
of [3] as follows. Consider a chart with black vertices. Cut the disk open
along the arcs defined above to obtain a picture in which the boundary of
the disk is mapped to the product of conjugates of generators. This gives
a picture associated to a chart that has black vertices.

The chart moves C-II and C-III have the following interpretation as
moves on pictures. The words on the boundary of the disk change as
indicated above.

The picture represents a map from the disk into BG where G is the braid
group. Either of these moves corresponds to sliding the disk by homotopy
across the polygon representing the given relation.

5.3.3  Generalizations of Wirtinger presentations

Generalizing Kamada’s theorem, we consider Wirtinger presentations of
groups. Let G = (X : R) be a finite Wirtinger presentation. Thus each of
the relators is of the form r = y~ 1V =12V, where 2,y € X are generators
and V is a word in generators. Let A be the set of all the words in X (i.e.,
elements in the free group on X) of the form w = Y ~'2Y, where v € X
and Y is a word in X. Define symmetric equivalence on A as follows:

(1) Two words Y 12V and Z~'xZ are symmetrically equivalent if Y and
Z represent the same element in G.
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F1G6. 16. Generalized chart move

(2) Two words Y~ 1yY and Y1V ~12VY are symmetrically equivalent if
r=y V=12V € R where z,y € X.

Two words in A are symmetrically equivalent iff they are related by a finite
sequence of the above changes.

In terms of pictures, if we allow univalent vertices in pictures, and if
we define arc systems connecting univalent vertices to a base point on the
boundary of the disk, then we can diagrammatically represent the above
two changes in terms of pictures. They are depicted in Fig. 16. Such a
generalization of pictures will be discussed next.

We generalize pictures for group presentations to include univalent ver-
tices. To make homotopy-theoretic sense out of such pictures, consider
small disks centered at each univalent vertex and simple, mutually disjoint
arcs connecting them to a base point. More precisely, our data consist of:

(1) a picture on a disk where univalent vertices are allowed,

(2) a small disk centered at each univalent vertex with a specified point
on the boundary of each disk which misses the edge coming from the
univalent vertex,

(3) a system of mutually disjoint simple arcs such that for each univalent
vertex a simple arc from this system connects the specified point on
the boundary of the small disk to a fixed base point on the boundary
of the (big) disk where the picture lives. These arcs miss vertices of
the picture and intersect the edges transversely.
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Let (a1, ...,a,) be the system of arcs defined above. Starting from the
base point, read the labels of the edges intersecting a; when we trace it
towards the univalent vertex. Go around the vertex along the boundary of
the small disk and come back to the base point to get a word w;. Then
we trace ag up to a, to get a sequence (w1, ..., w,) of words. Each word
is in a conjugate form w; = Y[lxiyi (i =1,...,n), where x; is the label
of the edge coming from the ith univalent vertex. Now we require that the
product wy ---wy, is 1 in G, the group with which we started. Call this a
generalized picture.

This has the following meaning as explained in the case of braid groups
above. Given a generalized picture, remove the interior of small disks
around each univalent vertex. Then define a smooth map from the bound-
ary big disk cut open along ‘dotted’ arcs connecting small disks to the
base point, to the 1-skeleton of BG. This edge path represents the product
wy - wy, in G = m(BG) which was assumed to be the identity. Therefore
the map on the boundary of the cut-open disk extends to a map of the
big disk. The transverse preimages of points in 1-cells (resp. 2-cells) gives
edges (resp. vertices) of the rest of the picture.

Here we remark that Kamada’s theorem on symmetric equivalence
seems to be generalized to other groups. Kamada used Garside’s results
[17], and Garside gave other groups to which his arguments can be applied.

5.4 Concluding remarks

We have indicated relations among braid movie moves, charts and classi-
fying spaces of braid groups, and null homotopy disks in such spaces. We
further discussed potential generalizations to Wirtinger presented groups.
We conclude this section with remarks on these aspects.

In the preceding section we discussed null homotopy disks in classifying
spaces in the presence of (generalized) black vertices. However, we do not
want to allow cancelling black vertices since if we did charts represent just
null homotopies in the case of braid groups and we instead want something
highly non-trivial. Thus we need restrictions on homotopy classes of maps
from cut-open disks to classifying spaces to be able to define nontrivial ho-
motopy classes to represent surface braids. Keeping base point information
is such an example. More natural interpretations are expected in terms of
other standard topological invariants.

By fixing a height function on the disk where pictures are defined, we
can define sequences of words for Wirtinger presented groups generalizing
braid movies. Furthermore we can generalize braid movie moves to such
sequences for Wirtinger presented groups by examining moves on pictures
in the presence of height functions. The moves in this case would consist
of (1) the moves that correspond to Peiffer equivalences and the moves on
pictures described in [3], (2) the moves that are dependent on the choice of
height functions, (3) the moves that correspond to 2-cycles in the Cayley
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complex associated to the presentation, (4) the moves that push black
vertices through Wirtinger relations. The algebraic significance of such
sequences of words and relations among them deserves further study, since
this is a natural context in which the braid movie moves appear.
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